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Abstra ct of the Disser t ation

The Actual Cause:From Intuition to

Automation

by

Mark Hopkins

Doctor of Philosophy in Computer Science

University of California, Los Angeles,2005

ProfessorJudeaPearl, Co-chair

ProfessorAdnan Darwiche, Co-chair

For centuries, philosophershave arguedover what it meansfor oneevent to cause

another. In recent years,the arti�cial intelligencecommunity hasalsostarted to

formulate causal relationships in machine-interpretable languages. The goal of

the AI community is to provide automatedmethods of extracting causalrelation-

ships in the world, understandingcausallanguage,and generatingexplanations.

As such, this dissertation focuseson recent developments in the philosophical

foundationsof causality, from the perspective of both formalization and automa-

tion. Speci�cally, weprovide an in-depth study of a conceptof causationproposed

by JosephHalpern and JudeaPearl given in the framework of structural equation

models. We provide algorithms for both the generaland restricted forms of the

problem, and prove associated complexity results. We alsodiscusscertain faults

x



with the existing de�nition, and outline potential reparations. Finally, we show

how the Halpern-Pearl formulation can be embedded in an ontologically richer

framework to simplify the task of causalmodeling.
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CHAPTER 1

In tro duction

A dissertation typically begins by addressingthe intellectual curiosities that

causedthe writer to pursue his line of research. In this dissertation, our in-

tellectual curiosity focuseson how we can so easily and con�dently make these

kinds of causalpronouncements. Why do we feel comfortable stating that a cu-

riosity about causationcaused us to produce this dissertation? More generally,

what do we mean when we say that one event causesanother event? And why

is it so easyfor us to make judgments about cause,but then so di�cult for us

to properly justify them? Unlesswe can answer thesequestionsin a satisfactory

way, we have no hope of getting a computer to mimic our intuition about cause.

This dissertation seeksto provide somepointers in the right direction.

1.1 Actual Cause

The languageof causeand e�ect is part of daily life. In his paper, \Causesand

Counterfactuals," Jaegwon Kim [Kim73] enumeratessomecommonreasonswhy

people value causal statements. A quick tour of any online news servicegives

concreteexamplesof thesereasons.First, we usecausalstatements as a means

of explaining particular events. For instance,we �nd statements like: \Although

the causeof the �re is still under investigation, [the �re chief] said it appearsthat

the �re originated from a faulty water heaterin the trailer." Second,wevaluesuch
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statements for their predictiveusefulness.As an example,we �nd statements like:

\Scientists at the University of Michigan Medical School have discovered a gene

calledNPHP5 and found mutations in this genethat causea rare geneticdisease

called Senior-Loken syndrome." Third, causalstatements often suggestways in

which we can control future events. For instance, the statement \Elk Grove

Township Fire Chief Gary Jensenattributed the residents' safeescape to their

smoke detector" givesits readera concretestrategy for avoiding death in a house

�re. Finally, causal statements can be used to attribute moral responsibility

and legal liabilit y. For instance, we seestatements like: \In vestigators have

determined that the collision betweena MAX train and a Hillsboro �re engine

earlier this year was causedby the operator of the light rail train."

Sincewe have all beenguilty at somepoint in our livesof using causalstate-

ments and of con�dently refuting the causalclaims of others, we must somehow

feel as if we have a good handle on what it meansfor somethingto causesome-

thing else.Nevertheless,hundredsof yearsof e�orts to formalizecausalconcepts

have yet to producea commonly acceptedtheory of cause.Still, the fundamen-

tal truth is that peopledo generallyagreeon when somethingcausessomething

else,onceall facts are known. The unavoidable consequenceis that causality is

de�nable, no matter how elusive this de�nition hasproven thus far.

Weshouldperhapsbeginby distinguishingbetweentwo main classesof causal

statements, oneof which can be epitomizedby the statement: \Smoking causes

cancer," while the other can be epitomized by the statement: \Smoking caused

Joe's cancer." The �rst classof causal statements are known variously in the

literature as \t ype-level causes,"\generic causes,"or \causal generalizations."

Pearl [Pea00] refersto this classof causalstatements as general causes, and this

is the term we will adopt. The secondclassof causal statements are referred
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to as \tok en-level causes," \singular causes," or \single-event causes." Pearl

[Pea00]refers to this type of causeas an actual cause, and again we will adopt

his terminology. David Lewis [Lew73a]has declaredthat generalcausalstate-

ments are presumably \quanti�ed statements involving causation among par-

ticular events." Others treat the two ideas as completely separate concepts

[Goo61, Goo62], while others have argued in detail about their relationship

[Car89, Woo90, Eel91,Hit95, Hau98].

In this dissertation, we will not concernourselves with the relationship be-

tweengeneraland actual causes.Rather, we will restrict our focusto developing

theoriesof actual cause,and leave the rest to future philosophicalspeculation.

1.2 Tw o Analyses of Actual Cause

Most of the more complex notions of actual causerely fundamentally on two

early and simple conceptsof causation. The �rst notion is known as \ceteris

paribus su�ciency ." Sosaand Tooley [ST93] note that this is essentially the

view espousedby many notable philosophers,including John Stuart Mill, C.G.

Hempel, and Karl Popper. It assertsthe following [ST93]:

C is a causeof E if and only if C and E areactual and C is ceteris

paribus (all other things being equal) su�cien t for E.

As popular and intuitiv e as this notion is, it su�ers from somekey problems.

Firstly, this de�nition doesnot deal well with scenariosthat involve preemption.

Considerthe following story from Hall [Hal04]:

Example (Rock) Billy and Suzy both throw rocks at a bottle. Suzy's arm is

better than Billy's, so her rock gets to the bottle �rst and shatters it. Billy's
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throw was perfectly accurate, so his rock would have shattered the bottle had

Suzy'smissed.

In this example,Billy's throw is su�cien t for the bottle to be shattered, yet

we cannot in good conscienceclassify it as a cause,sinceSuzy's rock preempts

him.

Another criticism of ceterisparibus su�ciency found in the philosophical lit-

erature is the issueof undeterminative su�ciency . As Sosaand Tooley [ST93]

observe, the height of a table o� the ground is ceteris paribus su�cien t for the

length of its legs. Even so, it shouldperhapsnot be stated that the table's height

is a causeof the length of its legs.

An alternativeproposalfor a de�nition of actual causeis referredto as\ceteris

paribus necessity." Sosaand Tooley [ST93] note that this is historically a less

popular notion, but that it hasbeenendorsedby philosopherslike Ernest Nagel

and Raymond Martin. This notion arguesthat[ST93]:

C is a causeof E if and only if C and E areactual and C is ceteris

paribus (all other things being equal) necessaryfor E.

Looking again at the Rock example, we seethat ceteris paribus necessity

also has di�culties dealing with preemption. Furthermore, it cannot handle

overdetermination, when two events causeanother event simultaneously. For

instance, supposein the Rock example,both Billy and Suzy throw their rocks

such that they collide with the bottle simultaneously. Although neither throw is

now necessaryfor the bottle to be shattered,we would still like to regard either

as an actual causeof the shattering. This is disallowed by the naivete of the

ceterisparibus necessity de�nition.
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Although neither de�nition works in and of itself, considerationsof necessity

and su�ciency �nd their way into nearly all modern accounts of actual cause.

Such accounts fall into two major paradigms: regularity analysesand counterfac-

tual analyses.

Lewis delineatesthese two paradigms as o�shoots of the two de�nitions of

actual causeproposedby David Hume [Hum48] in his seminal 1748work \An

Enquiry ConcerningHuman Understanding." The �rst of theseis the following

[Hum48]:

We may de�ne a causeto be an object followed by another, and

where all the objects, similar to the �rst, are followed by objects

similar to the second.

Lewis [Lew73a] regards this de�nitions as the ancestor of the paradigm of

de�nitions known asregularity analyses. Ceterisparibus su�ciency falls into this

realm. Essentially theseapproachesclaim that C causesan e�ect if there exist

(true) laws and facts that togetherwith C producethe e�ect (but do not produce

the e�ect without C). The emphasisof theseanalysesis the productive aspect of

causation. In other words, we say that C causesE if there is somechain of events

such that C producesE.

Immediately after his previous de�nition of cause,Hume adds the following

remark [Hum48]:

Or, in other words, where, if the �rst object had not been, the

secondnever had existed.

Lewis [Lew73a]arguesthat this is morethan merelya clari�cation, but rather

a completelyseparatede�nition of actual cause,and in fact is the predecessorof a
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family of causalde�nitions known as counterfactual analyses. Theseapproaches

claim that C causesan e�ect if the e�ect would not have happenedwithout C

(in someappropriate context). The question of what is an appropriate context

is a matter of much debate,and is in fact what principally di�erentiates theories

within this paradigm.

In the next two sections,we will take a closerlook at a representativ e theory

from each of these two dominant paradigms. We will consider their positive

aspectsand their defects.

1.3 Mac kie's INUS Condition

In his 1965paper \Causesand Conditions," John Mackie attempts to resolve the

longstandingdilemma that a causeis often neither necessarynor su�cien t for its

e�ect. [Mac65]For example,a �re department might proclaim a short circuit to

be the causeof a house�re, however the short circuit, by itself, is not su�cien t to

start a �re (e.g., there must be su�cien t 
ammable material nearby). Similarly,

the short circuit is alsonot necessaryto start a house�re, for it could be started

by a variety of ignition methods (e.g., arson,a carelesscigarette).

Mackie's solution is what he calls an INUS condition. Consideran event A

and an e�ect P. Rather than requiring that A is either necessaryor su�cien t (or

both) to achieve P, we instead require that A is an insu�cient but necessary

part of a condition which is itself unnecessarybut su�cient for the result. The

abbreviation of INUS comesfrom the emphasizedwords in the previoussentence.

It will help to illustrate this conceptby example.Supposethat A is the occurrence

of a short circuit, and P is the house�re. The occurrenceof a short circuit (on its

own) is insu�cien t to causethe house�re, but coupled with nearby 
ammable
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material and other favorable conditions, we obtain a su�cien t condition for the

�re. Nevertheless,this condition is not necessaryto start the �re { the �re could

easily be causedby an entirely di�erent mechanism. Even so, the short circuit

is a necessarypart of this particular condition. Formally, Mackie de�nes INUS

condition as follows:

De�nition 1.3.1. [Mac65] A is an INUS condition of a result P if and only if,

for someX and for someY, (AX or Y) is a necessaryand su�cient condition

of P, but A is not a su�cient condition of P and X is not a su�cient condition

of P.

Mackie also makes the proviso that X and Y must be non-null, but we will

not require that here. Basedon this de�nition, we can go further and state that

whenwesay that "A causedP," weareoften making the following claims(slightly

altered from Mackie's account):

1. A is an INUS condition of P.

2. A was present on the occasionin question.

3. The factors represented by X , if any, in the formula for the necessaryand

su�cien t condition were present on the occasionin question.

The only substantial way in which our account di�ers from Mackie's is that we

do not make the further requirement that Y be falseon the occasionin question.

In this way, we will allow for the possibility of co-occurring causalmechanisms,

while Mackie doesnot.

Although the intuition behind Mackie's INUS condition seemspromising, this

account hasbeencriticized in a number of ways Sosaand Tooley [ST93] observe

that Mackie's account doesnot distinguish adequatelybetweencauseand e�ect,
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sinceno temporal constraints are (implicitly or explicitly) built in. As such, if

(as Pearl [Pea00]points out) a diseaseis su�cien t for a symptom, then certainly

the absenceof this symptom is su�cien t for the absenceof the disease,yet we

do not want to infer causationin that case.

Jaegwon Kim [Kim71] provides a forceful criticism of the logical basis of

Mackie's account. Pearl [Pea00] also gives an e�ective argument against the

logical foundation of the Mackie approach by illustrating the problem of syntax

sensitivity. To return to the Rock scenario,we could expressthe fact that the

bottle is shattered i�:

Suzy throws her rock

OR

Suzy doesn't throw her rock AND Billy throws his rock

Given this formulation, the INUS condition givesus the satisfactory conclu-

sion that Suzy's throw was the causeof the bottle being shattered, and Billy's

was not (sinceSuzy threw her rock, negatingthe truth of the secondcondition).

But we can just as easily expressthis condition as:

Suzy throws her rock

OR

Billy throws his rock

In this formulation, the INUS condition does not distinguish between the

two throws, and sinceboth occurred, it would concludethat Billy's throw was

also a cause(despite the preemption). Furthermore, this condition can also be

expressedas:
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Suzy throws her rock AND Billy doesnot throw his rock

OR

Billy throws his rock

Given this formulation, the INUS condition would claim that (were it true),

Billy's failure to throw his rock would have beenan actual causeof the bottle

being shattered. Mackie's account thus givesambiguousconclusions,depending

on the form which the logical statement takes.

1.4 Coun terfactual Analyses

In oneof the earliestand most in
uen tial counterfactual analysesof actual cause,

David Lewis [Lew73a]arguesthat the weaknessesof regularity analysesdiscussed

in the previoussectionmerit a new approach.

I have no proof that regularly analysesare beyond repair, nor any

spaceto review the repairs that have been tried. Su�ce it to say

that the prospects look dark. I think it is time to give up and try

somethingelse.

Lewis's \something else" is a counterfactual de�ntion of actual causein a

very similar vein asceterisparibus necessity. Essentially , he claims that event C

causesevent E if they both occur, are distinct, and there exists somechain of

actual events D1, D2, ..., Dn such that if C had not occurred, then D1 would not

have occurred, if D1 had not occurred, then D2 would not have occurred, ..., if

Dn had not occurred, then E would not have occurred.

This de�nition has been praised as \attractiv ely simple and extremely in-

tuitiv e" [CHP04] and at �rst glance, it appears that it handlespreemption in
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a satisfactory way. Consider the following examplefrom [Pea00], attributed to

Patrick Suppes.

Example (Desert Traveler) A desert traveler T has two enemies.Enemy 1 poi-

sonsT's canteen, and enemy 2, unaware of enemy 1's action, shoots and empties

the canteen. A weeklater, T is found deadfrom dehydration and the two enemies

confessto action and intention. A jury must decidewhoseaction was the actual

causeof T's death.

In this example,we can trace a counterfactual dependencechain from enemy

2's action to T's death. Speci�cally, if enemy 2 had not shot T's canteen, then

T would not have becomedehydrated. If T had not becomedehydrated, he

would not have died. Thus we can concludefrom Lewis' criterion that enemy 2's

action causedT's death, despitethe fact that his action is not necessaryfor T's

death. Furthermore, we cannot �nd a similar chain from enemy 1's action from

T's death, which givesus the satisfactory conclusionthat enemy 1's action did

not causeT's death.

Unfortunately, it doesnot appear that Lewis' criterion, criticized as\ad hoc"

by Pearl [Pea00],succeedson other examplesof preemption. For instance,in the

Rock scenarioit is far from clearwhethersuch a counterfactual dependencechain

exists from Suzy's throw to the bottle being shattered. Others have imagined

situations where the directnessof causationdisallows the prospect of mediating

events. For instance,Horwich [Hor87] imaginesthe following:

Suppose,for example,that ball A rolls into ball B , causingB to

move out of the way of ball D , which would have causedexactly the

motion of B that A actually causes.This is a caseof pre-emption.

A's striking B causesB 's motion; however, if A had not struck B, B
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would neverthelesshave been set into motion by D. Therefore B 's

motion is not counterfactually dependent on A's hitting B. Moreover

there are no events that mediate the causalconnectionbetweenA's

hitting B and B 's motion.

Additionally , casesof overdetermination are basically ignored by Lewis's ac-

count. Becauseof theseweaknesses(and others), somehave claimed that \what

Lewis said about regularity analysesis now a fair assessment of the counterfac-

tual approach" [Hor87]. Contrary to such claims, the counterfactual analysisof

actual causeappearsnow to be the most predominant view. Collins, Hall, and

Paul [CHP04] observe:

Among the many philosopherswho hold that causalfacts are to

be explainedin terms of { or more ambitiously, shown to reduceto {

facts about what happens, together with facts about the fundamental

laws that govern what happens, the clear favorite is an approach

that seescounterfactualdependence asthe key to such explanation or

reduction.

Ideasto remedythe shortcomingsof the Lewisaccount are many, but onekey

generalstrategy is discussedby StephenYablo [Yab04]:

If preemption is a matter of something �nkishly giving way, the

obvious thought is: Don't let it give way; hold the grounds of the

causalconnection �xed. The test of causation in thesecasesis not

whether e fails if c does, but whether e fails if c fails with the right

things held �xed.
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Yablo is describing a family of de�nitions of actual causewhich, generally

speaking, claim that C causesE if C and E are actual, distinct, and if C had

not occurred, then E would not have occurred, given that we hold G �xed.

For instance, in the Rock example, the bottle would not have been shattered

if Suzy had not thrown her Rock, given that we �x that Billy's rock did not

hit the bottle. Similarly, such a strategy can be used to overcomeproblems

with overdetermination by holding it �xed that oneof the events that causethe

overdetermination doesnot occur.

While such a generalstrategy seemslike a viable avenue for exploration, it is

fairly clear that a key component of any such de�nition is how it speci�es what

typesof G are acceptableto keep�xed. For instance,in the Rock scenario,if we

hold it �xed that Suzy doesnot throw her rock, then the bottle being shattered

is counterfactually dependent on Billy's rock. Still, we would not like to conclude

that Billy's throw causedthe bottle to be shattered.

1.5 Discussion

In this dissertation, we will study in great depth a proposal by Halpern and

Pearl [HP01] that falls into the Yablo framework. This account hasreceived con-

siderablerecent attention in the arti�cial intelligencecommunity [Pea00,HP00,

HP01, Par03, FL03, Hop02a,EL01, EL02, Hop02b, HP03, Hop03], largely due

to its abilit y to handlemany di�cult casesof preemption and overdetermination

that have troubled previous accounts. In Chapter 2, we provide a thorough in-

troduction to this de�nition, as well as the framework in which it is embedded.

Furthermore, we prove someresults that allow us to give a secondequivalent

de�nition of actual cause. This secondde�nition will prove useful in Chapter

3, where we tackle the computational problem of inferring actual causeunder
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Halpern and Pearl's de�nition.

In Chapter 4, we discussproblemswith the Halpern-Pearl account and argue

that the assumptionsunderlying their de�nition are insu�cien t to determine

actual cause. We add new assumptionsand a new de�nition founded on these

assumptions.In Chapter 5, we proposeontological extensionsto the framework

to easethe modeling task. Chapter 6 givesconcludingremarks.
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CHAPTER 2

A Prop ositional Approac h to Actual Cause

In this chapter, we introduce a well-studied recent de�nition of actual cause

proposedby Halpern and Pearl [HP01]. We begin by isolating precisely what

assumptionsare made (in this account) to de�ne actual cause,and then review

their de�nition. We proceedto prove somekey results that allow their de�nition

to be expressedin an alternative form which will prove useful for many of proofs

of Chapter 3.

2.1 Causal Theories

Considerthe following scenario.

Example (Firing Squad) There are two ri
eman in a �ring squad. On their

captain's order, they both shoot simultaneously and accurately. The prisoner

dies from both wounds, though either would have beensu�cien t.

We want an automated method of answering questionslike:

� Did the captain's signal causethe prisoner'sdeath?

� Did the secondri
eman's shot causethe prisoner'sdeath?

� Did the prisoner'sdeath causethe ri
emen to shoot?
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How should we encode the story, in order to concretelyphrasethesequeries?

We will begin by choosing a set of salient elements of the story that we will

represent as variables. In the caseof the �ring squadscenario,let us de�ne the

set of variablesV = f C; R1; R2; Dg with the following semantics:

� C (Captain) is a Boolean variable which is true if and only if the captain

gave the signal.

� R1 (Ri
eman 1) is a Booleanvariable which is true if and only if the �rst

ri
eman shot his gun.

� R2 (Ri
eman 2) is a Booleanvariable which is true if and only if the second

ri
eman shot his gun.

� D (Death) is a Boolean variable which is true if and only if the prisoner

died.

Given thesevariables,we can rephrasethe above causalquestionsas follows:

� Did C = tr ue causeD = tr ue?

� Did R2 = tr ue causeD = tr ue?

� Did D = tr ue causeR1 = tr ue and R2 = tr ue?

We will refer to this approach to modeling a story as the propositional ap-

proach. We will require the following terminology for this framework. First,

we frame the idea that all our knowledgeabout the world is basedon a set of

variables.

De�nition 2.1.1. (Signature) We de�ne a (propositional) signature as a pair

(V ; D), where V is �nite set of names called variables, and D is a function
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mappingeach variableof V to its domain. We wil l refer to any subsetof V as a

variable set of S.

Often, we will encounter situations in which we want to make statements like

\ A is set to 5 and B is set to f alse," for somevariablesA and B. We refer to

such statements asevents.

De�nition 2.1.2. (Event) For a signature S = (V ; D), we de�ne an event of

S as a function v that mapseach variable Vi of V to an elementin D(Vi ). We

wil l often also call this an event of V . We wil l denotethe set of eventsof V as

D(V ).

Sometimeswe areonly interestedin an arbitrary variable set of the signature,

rather than the full set of variables.

De�nition 2.1.3. (Partial Event) For a signature S = (V ; D), we de�ne a

partial event of S as a function w that maps each variable Vi of somevariable

set W of S to an element in D(Vi ). We wil l often also call this a partial event

of V , or an eventof W . We wil l denotethe set of eventsof W as D(W ).

De�nition 2.1.4. (Subevent) For a signature S = (V ; D), let X � W � V .

Let w be an event of W . We de�ne the subevent of w over X as w[X ] (the

restriction of function w to X ).

Generallywewill assumethat w denotesan event of variablesetW , x denotes

an event of variable set X , etc.

In this terminology, given two partial events x and y of a signature,we want

to answer the question: did x causey?

De�nition 2.1.5. (Causal Query) Given a signature S, a causalquery of S is

a pair (x; y), where x and y are partial eventsof S.
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De�nition 2.1.6. (Causal Theory) A causaltheory of a signature S is a partial

function / that mapsfrom a causalquery (x; y) of S to the set f tr ue;f alseg.

In other words, for any partial events x; y for which / is de�ned, a causal

theory is able to answer the question: did x causey? Given a causaltheory / ,

instead of writing / ((x; y)) = tr ue, we will typically write x / y . Similarly,

instead of writing / ((x; y)) = f alse, we will typically write x 6/ y .

We make a basicassumptionat this point. Supposethat we are given a story

description (like the Firing Squadscenario)and a chosensignature S pertinent

to the story. We will assumethat there is a unique causaltheory
nat
/ of S that

corresponds to human intuition about the story. For instance, if a group of

peopleweretold the Firing Squadstory and given the signatureSf s whereV f s =

f C; R1; R2; Dg, then were asked to enumerate the value of every causalquery of

Sf s (leaving the valueunde�ned if there is insu�cien t information in the story to

answer the query), each would derive the samecausaltheory. This assumption

merely assertsthat there is a consensusabout actual causality, given su�cien t

information. If there werenot, then this entire exercisewould be in vain. We will

refer to
nat
/ as the natural causal theory of S. Our goal then is to de�ne a causal

theory / such that / =
nat
/ .

2.2 Coun terfactual Theories

What information su�ces in order to make decisionsabout whether one event

causedanother event? How much information and what sort of information do

we require? Theseare perhapsthe most fundamental issueswe face in de�ning

actual cause.

By reading a story (like Firing Squad), we (as humans) intuitiv ely glean a
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great deal of information, which we can then useto make causaljudgments like

\the captain'ssignalcausedthe prisoner'sdeath." In order to encodethis story so

that a computer can make similar judgments, we �rst needto determineexactly

what information we needto encode about the scenario.

What if wehadaccessto an oraclethat couldanswer counterfactual questions?

Question: Would the prisoner have died if we had forced the captain not to

give the signal?

Oracle: No. The ri
eman would not have shot, and the prisoner would not

have died.

Question: Would the prisonerhave died if we had forcedthe secondri
eman

not to shoot?

Oracle: Yes. The �rst ri
eman would still have shot his gun, killing the

prisoner.

Question: Would the ri
emen have shot their guns if we arranged for the

prisoner to die even without getting shot?

Oracle: Yes,of course.The death happensafter the shot, and would have no

e�ect on the ri
emen's actions.

Observe that questionsof this form are easy for a human to answer, given

the description of the Firing Squad scenario. Let us assumefor now that if

we somehow encode the answers to all such counterfactual questions(the oracle

above), then this is enoughinformation to make judgments about actual cause.

If we againrepresent the Firing Squadstory with the signatureSf s (adopting the

propositional approach of the previoussection), then we can rephrasethe above

oraclequeriesas follows.
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Question: What would the valueof D have beenif we had forcedC = f alse?

Question: What would the valueof D have beenif we had forcedR2 = f alse?

Question: What would the valuesof R1 and R2 have beenif we had forced

D = tr ue?

In general,for any variable set X of signatureS and any partial event y of S,

we want our oracle to be able to answer: what would the value of X have been

if we had forcedevent y?

De�nition 2.2.1. (Counterfactual) Given a signature S, a counterfactual of V

is a pair (X ; y), where X is a variable set of S and y is a partial eventof S.

One way to think of our counterfactual oracle is as a function that maps a

counterfactual to a value.

De�nition 2.2.2. (Counterfactual Theory) A counterfactual theory of signature

S is a partial function � that mapsfrom a counterfactual (X ; y) of S to an event

of X .

We usually write the expression� ((X ; y)) as X �
y or [Y  y ]X � . If y is the

trivial event (i.e. Y is the null set), then we will usually write theseas X � . If �

canbeunderstood from context, then wewill often omit it from theseexpressions.

Therearea number of propertiesthat aredesirablefor a counterfactual theory

to obey. For the purposesof this dissertation, we needassumeonly one.

De�nition 2.2.3. (Faithfulness) A counterfactual theory � of signature S is

faithful i� for variable sets X ; X 0 of S such that X 0 � X , it holds that X 0�
y is

de�ned and is a subeventof X �
y , wheneverX �

y is de�ned.
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Essentially faithfulness merely assertsthat if A is equal to 5 and B is equal

to f alse, under someintervention y, then A is equal to 5 under intervention y.

Now we make a secondbasicassumption,similar to the assumptionwe made

about causaltheoriesin the previoussection. Supposethat we are given a story

description (like the Firing Squadscenario)and a chosensignature S pertinent

to the story. We will assumethat there is a unique faithful counterfactual theory
nat
� of V that corresponds to human intuition about the story. For instance, if

a group of peoplewere told the Firing Squadstory and given the signature Sf s,

then wereasked to enumerate the value of every counterfactual of S (leaving the

valueunde�ned if the story contains insu�cien t information to answer the query),

each would derive the samecounterfactual theory. This should not seemto be a

particularly far-fetchedassumptionfor anyonewho easilyagreedwith the answers

to the oracle queriesgiven earlier. As long as all of the relevant information is

givenupfront, there is generallya consensusopinion about counterfactual queries.

Weassertthat the natural counterfactual theory
nat
� of Sf s for the Firing Squad

story makes the following assignments (paralleling the example oracle queries

above):

� [C  f alse]D � = f alse

� [R2  f alse]D � = tr ue

� [D  f alse]R�
1 = tr ue and [D  f alse]R�

2 = tr ue

A counterfactual theory � over a signature S tells us which events actually

occurred, as well as which events had the potential to occur (had other events

beenforced to happen).

De�nition 2.2.4. (Actual Event) Let � be a counterfactual theory over a signa-

ture S. Chooseany variableset X of S. We de�ne the � { actual event of X to be
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X � . An eventx is � { actual if it is the � {actual eventof somevariable set X of

S. When � is understood from context, we wil l often refer to an eventas actual

instead of as � {actual.

De�nition 2.2.5. (Potential Event) Let � be a counterfactual theory over a

signature S. Chooseany variable set X of S and any partial event y of S. We

de�ne the � { potential event of X under intervention y to be X �
y . When � is

understood from context, we wil l often refer to an event as potential instead of

as � {potential.

2.3 The HP De�nition of Actual Cause

In this section,we addressthe issueof how we actually de�ne actual causeusing

the propositional approach. We are going to assumethat all we needto do this

is the natural counterfactual theory with respect to signature S. In fact, this is

the basicassumptionunderlying the work of Halpern and Pearl [HP01].

A commonapproach to de�ning actual cause(seeChapter 1 for further de-

tails) is to usepatterns of counterfactual dependenceas a basisfor a de�nition.

As an example,we would say that the prisoner'sdeath in the Firing Squadstory

is counterfactually dependent on the captain's signal, becausewhen the captain

signals,the prisoner dies, but if the captain had not signaled,then the prisoner

would not have died (sinceneither ri
eman would have shot). Alternativ ely, the

prisoner'sdeath is not counterfactually dependent on the secondri
eman's shot,

becauseeven if hehad not shot, then prisonerstill would have died (from the �rst

ri
eman's shot). Even so, we would say that the prisoner's death is potentially

counterfactually dependent on the secondri
eman's shot (under the intervention

that the �rst ri
eman doesnot shoot). We now formalize theseconcepts,using
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the notion of a counterfactual theory.

De�nition 2.3.1. (Counterfactual Dependence) Fix a counterfactual theory � of

signature S. Choosedisjoint partial eventsy, x, and w of S. We say that event

y is (potentially) � { counterfactually dependent on eventx under intervention w

i�:

1. y is the � {potential eventof Y under intervention xw .

2. y is not the � {potential event of Y under intervention x 0w, where x0 is

another eventof X .

Moreover, if w is the trivial intervention, then we say that y is actually � {

counterfactually dependent on x.

One general approach to de�ning causality [Yab04] is to say that event x

causesevent y i� for some appropriate intervention w, y is counterfactually

dependent on x under intervention w. To demonstrate an inappropriate w,

consideragain the Rock story from Hall [Hal04]:

Example (Rock) Billy and Suzy both throw rocks at a bottle. Suzy's arm is

better than Billy's, so her rock gets to the bottle �rst and shatters it. Billy's

throw was perfectly accurate, so his rock would have shattered the bottle had

Suzy'smissed.

Halpern and Pearl model this story using the signature Sr ock whereV r ock =

f ST; BT; SH; BH; BSg, with the following semantics:

� ST (Suzy Throws) is a Boolean variable which is true if and only if Suzy

threw her rock.
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� BT (Billy Throws) is a Boolean variable which is true if and only if Billy

threw his rock.

� SH (Suzy Hits) is a Booleanvariable which is true if and only Suzy'srock

hit the bottle.

� BH (Billy Hits) is a Boolean variable which is true if and only if Billy's

rock hit the bottle.

� BS (Bottle Shattered) is a Booleanvariable which is true if and only if the

bottle is ultimately shattered.

Under this modeling of the story, it holds that the bottle being shattered is

counterfactually dependent on Billy throwing his rock, under the intervention

that Suzydoesnot throw her rock. Despitethis, we still do not wish to conclude

that Billy's throw is a causeof the bottle beingshattered. Thus ST = f alse is an

inappropriate intervention for the generalstrategyconsideredabove. Halpern and

Pearl attempt to screenout inappropriate interventions by adding a somewhat

complexcriterion (HP2(b), below) to their de�nition of actual cause.

De�nition 2.3.2. [HP01] Let � be a counterfactual theory of signature S. Con-

sider two disjoint partial eventsx and y of S. Event x is an HP cause(Halpern{

Pearl cause)of eventy (denoted x
H P
/ y ) i�:

(HP1) x and y are actual.

(HP2) There exists a partial event w of S (disjoint from x and y) such

that:

(a) y is counterfactually dependenton x under intervention w.
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(b) y is the potential event of Y under any intervention xwz , where

z is an actual partial eventof S (disjoint from x, y , and w).

(HP3) x is minimal; no subeventof x satis�es conditions HP1 and HP2.

Condition HP1 simply assertsthat both the causeande�ect actually occurred,

while HP3 is a minimalit y condition that excludesspuriouslydetailedcauses(e.g.

\Suzy's throw and a snowstorm in China causedthe bottle to shatter"). Condi-

tion HP2 assertsthat event x causesevent y i� for someappropriate intervention

w, y is counterfactually dependent on x under intervention w (where HP2(b)

dictates what constitutes an \appropriate" intervention). The major conjecture

of Halpern and Pearl [HP01] is that x
H P
/ y i� x

nat
/ y .

2.4 Examples

Clearly HP actual causeis equipped to deal with overdetermination, like that

seenin the Firing Squadstory. For instance,given the signature SF S describing

the Booleanvariable set V F S = f C; R1; R2; Dg, event R1 = tr ue is an HP cause

of event D = tr ue under intervention R2 = f alse. In other words, under the

intervention that the secondri
eman does not shoot, the prisoner's death is

counterfactually dependent on the �rst ri
eman's shot. Sincethis intervention

satis�es the constraints of HP2(b), we can concludethat the �rst ri
eman's shot

is an HP causeof the prisoner'sdeath, despitethe overdetermination.

We can also evaluate how HP causefares on the casesof preemption that

were problematic for the causalaccounts of Chapter 1. First, let us complete

our analysis of the Rock story. Given signature Sr ock, ST = tr ue is an HP

causeof BS = tr ue under intervention BT = f alse. This is not particularly

surprising. Of greater concernis whether BT = tr ue is classifedasan HP cause
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of BS = tr ue, since BS = tr ue is counterfactually dependent on BT = tr ue

under intervention ST = f alse. However such an intervention doesnot satisfy

constraint HP2(b), sincethe counterfactual dependencyis destroyed if we �x BH

at its actual value (namely, f alse), sinceBilly's rock does not actually hit the

bottle. Hencethe Halpern-Pearl de�nition satisfactorily handlesthe di�culties

posedby the preemption of the Rock scenario.

It also provides a satisfactory treatment of the Desert Traveler story. To

review the story:

Example (Desert Traveler) A desert traveler T has two enemies.Enemy 1 poi-

sonsT's canteen, and enemy 2, unaware of enemy 1's action, shoots and empties

the canteen. A weeklater, T is found deadfrom dehydration and the two enemies

confessto action and intention. A jury must decidewhoseaction was the actual

causeof T's death.

We can represent this story with the signature SD T describing the Boolean

variable set f X ; P; D; C; Yg with the following meaning:

� X is true if and only if Enemy 2 shot the canteen.

� P is true if and only if Enemy 1 poisonedthe canteen.

� D is true if and only if the traveler becamefatally dehydrated.

� C is true if and only if the traveler ingesteda fatal doseof poison.

� Y is true if and only if the traveler died.

The Halpern-Pearlaccount of actual causecorrectly classi�esEnemy 2'saction

(X = tr ue) as a causeof the traveler's death (Y = tr ue). To seethis, consider
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intervention P = f alse and observe that it satis�es HP2. Also, there is no

intervention that allows us to concludethat Enemy 1's action is a causeof the

traveler's death. Any reasonableintervention we might try fails becauseany

counterfactual dependenceit might establishbetweenP and D is destroyed if we

�x C at its actual value of f alse. HenceHalpern and Pearl's de�nition of actual

causegivesintuitiv ely satisfying answers for the Desert Traveler story.

2.5 An Equiv alent De�nition of Cause

In this section,weestablishsomeresultsthat allow usto restatethe HP de�nition

in more explicit terms which are more convenient for proofs and algorithms. We

�rst prove that all causesunder the HP de�nition are singletonevents, under the

weak assumptionof faithfulness.

Lemma 2.5.1. Let � be a faithful counterfactual theory with respect to variable

setV . Let x be a partial eventof V and let x0 be a subeventof x. If x is � -actual,

then x0 is � -actual.

Proof. If x is � -actual, then X � = x. From faithfulness, X 0 � X implies that

X 0� is the subevent of x over X 0 (i.e. x0). So x0 is � -actual.

Lemma 2.5.2. Let (X 1; X 2) be a nontrivial binary partition of variableset X �

V . For eventx of X , let x1; x2 be the subeventsof x overX 1 andX 2, respectively.

If x satis�es HP2, then x1 or x2 also satis�es HP2.

Proof. In this proof, let us usea more explicit formulation of HP2, creating by

unraveling the de�nition of counterfactual dependence:

(EHP2) Thereexistsan event x0of X andan event w of somesetof variables

W � V n(X [ Y ) such that:
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(a) y is not the potential event of Y under intervention x0w.

(b) y is the potential event of Y under intervention xw .

(c) y is the potential event of Y under any intervention xwz , wherez

is an actual partial event of V n(X [ Y [ W ).

Supposex satis�es EHP2. This meansthat there existsan event xP of X and

an event wP of someset of variablesW P � V n(X [ Y ) such that:

1. y is not the potential event of Y under intervention xP wP .

2. y is the potential event of Y under any intervention xw P zP , where zP is

an actual partial event of V n(X [ Y [ W P ).

For i 2 f 1; 2g, de�ne event xP
i = xP [X i ] There are two casesto consider.

Case 1: xP
i = x i for i = 1 or i = 2.

Let j = 2 if i = 1, or alternatively let j = 1 if i = 2. We will show that x j

satis�es EHP2. De�ne event w Q = wP [ x i and observe that this is an event of

W Q = W P [ X i .

The pair of events (xP
j , wQ) provide us a certi�cate that shows x j satis�es

EHP2. First, we show that EHP2(a) is satis�ed by this certi�cate. We know

that y is not the potential event of Y under intervention xP wP , i.e. Y x P w P 6= y.

SincexP
i = x i :

Y x P w P 6= y ) Y x P
i x P

j w P 6= y

) Y x i x P
j w P 6= y

Moreover, we can write this as:
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Y x i x P
j w P 6= y ) Y x P

j w Q 6= y

Hence x j satis�es EHP2(a) with respect to certi�cate (xP
j , wQ). We can

also show that EHP2(c) is satis�ed by this certi�cate. We know that y is the

potential event of Y under any intervention xw P zP , wherezP is a partial event

of V n(X [ Y [ W P ), i.e. for all such zP , Y xw P zP = y. SinceW P � W Q, thus

for any partial event zQ of V n(X [ Y [ W Q), Y xw P zQ = y. We can rewrite this

as follows:

Y xw P zQ = y ) Y x j x i w P zQ = y

) Y x j w Q zQ = y

Hencex j satis�esEHP2(c) with respect to certi�cate (xP
j , wQ). SinceEHP2(b)

is subsumedby EHP2(c), therefore we have shown that x j satis�es EHP2 with

respect to certi�cate xP
j , wQ.

Case 2: There is no pair (xP ; wP ) such that xP
i = x i for i = 1 or i = 2.

We will show that x1 satis�es EHP2. De�ne event w Q = wP [ xP
2 and observe

that this is an event of W Q = W P [ X 2.

The pair of events (xP
1 , wQ) provide us a certi�cate that shows x1 satis�es

EHP2. First, we show that EHP2(a) is satis�ed by this certi�cate.

We know that y is not the potential event of Y under intervention xP wP , i.e.

Y x P w P 6= y. We can rewrite this as:

Y x P w P 6= y ) Y x P
1 x P

2 w P 6= y

) Y x P
1 w Q 6= y
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Hencex1 satis�es EHP2(a) with respect to certi�cate (xP
1 , wQ). Showing

that EHP2(c) is satis�ed by this certi�cate is a bit more involved. We will do a

proof by contradiction. Assumethat x1 doesnot satisfy EHP2(c) with respect to

certi�cate (xP
1 , wQ). Thus there existssomepartial event zQ of V n(X [ Y [ W Q)

such that Y x 1w Q zQ 6= y.

Given this, de�ne event w R = wP [ zQ and let this be an event of W R � W P .

Furthermore, de�ne event xR = x1 [ xP
2 and observe that this is an event of X .

We will show that x satis�es EHP2 with respect to candidate(xR ; wR). Observe

that this results in a contradiction of the premiseof this case.

First we show that x satis�es EHP2(a) with respect to certi�cate (x R ; wR).

Above we found that Y x 1w Q zQ 6= y. This can be rewritten as follows:

Y x 1w Q zQ 6= y ) Y x 1x P
2 w P zQ 6= y

) Y x R w R 6= y

Hencex satis�es EHP2(a) with respect to certi�cate (xR ; wR). It alsosatis�es

EHP2(c) with respect to this certi�cate. Recall that y is the potential event of Y

under any intervention xw P zP , wherezP is a partial event of V n(X [ Y [ W P ),

i.e. for all such zP , Y xw P zP = y. SinceW P � W R , this directly implies that for

any partial event zR of V n(X [ Y [ W R), it holds that Y xw P zQ zR = y, which

can be written as:

Y xw R zR = y

Hencex satis�es EHP2(c) with respect to certi�cate (xR ; wR). SinceEHP2(b)

is subsumedby EHP2(c), this meansthat x satis�es EHP2 with respect to certi�-

cate(xR ; wR), which asobservedabove, contradicts the premiseof this case,since
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xR
1 = x1. Thus our assumption that x1 does not satisfy EHP2(c) with respect

to certi�cate (xP
1 , wQ) is incorrect. Hencex1 satis�es EHP2(c) (and therefore

EHP2) with respect to certi�cate (xP
1 , wQ).

Sincethesetwo casesare exhaustive, this completesthe proof of the lemma.

Theorem 2.5.3. Let � be a faithful counterfactual theory with respect to variable

set V . If event x is an HP causeof event y (with respect to � ), then X is a

singletonset of variables.

Proof. Proof by contradiction. Since X is not a singleton set, we can take a

nontrivial binary partition (X 1; X 2) of X . Let x1; x2 be the subevents of x over

X 1 and X 2, respectively. Sincex is an HP causeof y , x is actual. Thus from

Lemma 2.5.1,both x1 and x2 are actual (and hencesatisfy HP1). Sincex is an

HP causeof y , x satis�es HP2. Thus from Lemma 2.5.2, x1 or x2 satisfy HP2.

Sox1 or x2 satis�es HP1 and HP2, which meansthat x fails to satisfy HP3, and

thus is not an HP causeof y , which is a contradiction. Thus X is a singletonset

of variables.

Using this theorem, along with the unraveling of HP2 used in the proof of

Lemma2.5.2,we can derive a de�nition of HP causethat is convenient for proofs

and algorithms.

De�nition 2.5.4. Let � be a counterfactual theory of variable set V . Consider

two disjoint partial eventsx and y of V . Event x is an EHP (Explicit HP) cause

of eventy i�:

(EHP1) x and y are actual and x is a singletonevent.
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(EHP2) There exists an event x0 of X and an event w of some set of

variablesW � V n(X [ Y ) suchthat:

(a) y is not the potential eventof Y under intervention x 0w.

(b) y is the potential eventof Y under intervention xw .

(c) y is the potential event of Y under any intervention xwz , where

z is an actual partial eventof V n(X [ Y [ W ).

Theorem 2.5.5. If � is a faithful counterfactual theory, then eventx is an EHP

causeof eventy i� x is an HP causeof eventy .

Proof. Followsdirectly from the de�nition of counterfactual dependenceandThe-

orem 2.5.3.

2.6 The Structural Mo del Framew ork

While the conceptof a counterfactual theory is all we needto de�ne actual cause,

it is not a concreterepresentation that can be usedfor computation. In this sec-

tion, we discussa restricted version of a model used extensively in [Pea00] to

formulate other causalnotions and show how it provides an e�ective representa-

tion of counterfactual theories.

One concreteway we could represent a counterfactual theory of a signature

S. would be to enumerateevery possiblecounterfactual in a long list, then assign

a value to each one. Of course,this is a poor representation method, becausethe

number of counterfactuals of S is exponential in the number of variables of S.

Ideally, we would like a representation of a counterfactual theory that exhibits

the following properties:

31



1. The representation is compact (i.e. takesonly a small amount of spaceto

represent).

2. The representation is intuitiv e to construct.

3. The representation allows any counterfactual query to be answeredin time

polynomial in the sizeof the representation.

The representation we will adopt is simple. Consideragain the Firing Squad

scenarioand the signature S = (V ; D) where V = f C; R1; R2; Dg. For every

variable Vi of S, we will de�ne a function f i that expressesthe value of Vi in

terms of the other variables of S. For instance, a natural set of such functions

for the Firing Squadscenariois the following:

f C (c;r1; r2; d) = tr ue (2.1)

f R1 (c;r1; r2; d) = c (2.2)

f R2 (c;r1; r2; d) = c (2.3)

f D (c;r1; r2; d) = r1 _ r2 (2.4)

Thesefunctions expressthe facts that the captain signaled,the ri
emen fol-

lowed the captain's signal, and the prisoner died as a result of either gunshot.

Note that there are other possiblefunctions that would technically be consistent

what actually transpired in the Firing Squadscenario,but that thesewould not

have a correct causal interpretation. For instance, we could provide equations

that declarethat the ri
emen shot their guns and that the captain signaledbe-

causeof the shots, but this is not consistent with our causalunderstanding of

the story. This representation method relies on the fact that the functions can

be viewed as causalprocesses,e.g. f R2 suggestsnot simply that C and R2 had
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equivalent values in the actual world, but that the captain's signal causedthe

ri
eman's shot.

We refer to this collection of functions as a structural causalworld [Pea00].

De�nition 2.6.1. (Structural CausalWorld) A structural causalworld (or causal

world) is a pair (S;F), where:

1. S = (V ; D) is a propositional signature, where V = f V1; V2; :::; Vng.

2. F = f f 1; f 2; :::; f ng is a set of functions suchthat f i mapsD(V ) to D(Vi ).

The set F of functions can be viewed simply as a system of equations. As

such, it may have a number of solutions. For the Firing Squadscenario,the event

that setsall variablesto tr ue is a solution to the set of functions given above.

De�nition 2.6.2. (Solutions of a Causal World) A solution of F is an event

v of S such that for each i , f i (v) = v(Vi ). We say that an event v of S is a

solution of causalworld M = (S;F) i� it is a solution of F.

Usually it is not the casethat the functions of our causal world are truly

functions over the entire variable set. For the Firing Squadexample,the function

for D only involves variables R1 and R2 (not C), while the function for C is

constant.

De�nition 2.6.3. (Parent) For a causalworld M = (S;F), we say that variable

Vi is a parent of variable Vj i� f j is a nontrivial function of Vi . In other words,

there exist two eventsv1; v2 of S di�ering only in the value assigned to Vi such

that f j (v1) 6= f j (v2).

Using the idea of parents, we can visualize the causalworld M as a directed

graph. For instance, in Figure 2.1, we depict a causal diagram for the Firing

Squadcausalworld we have beendescribing.
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De�nition 2.6.4. (CausalDiagram) The causaldiagram of a causalworld M =

(S;F) is a directed graphin which the nodescorrespond to the variables,and there

existsa directed edgefrom variable Vi to variable Vj i� Vi is a parent of Vj .

So far we have not addressedhow to answer counterfactual queries using

a causal world. To make counterfactual claims, we are not only interested in

observing a system, but also in changing a system and seeinghow it reacts.

We model this in the causalworld framework by introducing the concept of a

subworld.

De�nition 2.6.5. (Subworld) Let M = (S;F) be a causal world and let x be a

partial eventof S. De�ne:

Fx = f f i 2 FjVi 62X g [ f X = xg

In other words, Fx replaces all functions corresponding to members of X with a

constant function mappingall eventsof S to the event x. A subworldM x of M

is the causalworld:

M x = (S;Fx )

In this paper, we will be exclusively interested in causalworlds where there

exists a unique solution.

De�nition 2.6.6. (Recursiveness)If there exists a unique solution of M , then

we say that M is recursive.

We can add a few immediate facts about recursiveness. First, a su�cien t

criterion for recursivenessis that the causal diagram is acyclic. Every causal

model we will discussin this dissertation will be acyclic. Furthermore, if M is

recursive, then every submodel of M is also recursive.
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De�nition 2.6.7. (Counterfactual Theory of a RecursiveCausalWorld) If M =

(S;F) is a recursive causal world, we de�ne the counterfactual theory � M of M

suchthat for any counterfactual (X ; y) of S:

X � M
y , vy [X ]

where vy is the unique solution of M y .

For a given representation of an acyclic causal world M = (S;F), let jM j

denote the amount of spacerequired to represent M . We will assumethat for

any function f i 2 F and event v of S, we can compute f i (v) in time polynomial

in jM j.

Theorem 2.6.8. Let M = (S;F) be an acyclic causal world. For any counter-

factual (X ; y) of S, X � M
y can be computed in time polynomial in jM j.

Proof. We will usethe following procedureto �rst compute the unique solution

vy of M y . First, create M y by replacing each f i 2 F (where Vi 2 Y ) with

the constant function f i (v) = y[Vi ]. This step takes time linear in the number

of variables of Y , which is certainly O(jM j). Next, we compute each function

f i in a topological order of the causaldiagram of M . Sincewe are computing

in topological order, the parents of Vi will have beencomputed by the time we

compute f i . Thus we compute f i using the valuescomputed for the parents (for

the rest of the variables, their valuesare irrelevant by the de�nition of parent).

The setof valueswe computeusingthis techniqueclearly constitute a solution v y

of M y , and sinceM is recursive, it is the unique solution. This processrequires

us to compute every function of F exactly once,which is jV j operations. Since

we have assumedthat each of theseoperationscanbe donein time polynomial in

jM j, thereforethe entire processis polynomial in jM j. To extract X � M
y from vy ,
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we simply needto compute vy [X ], which is a linear operation. Thus the entire

procedureis polynomial in jM j.

2.7 Discussion

The approach of this chapter di�ers in a signi�cant way from that of Halpern

and Pearl by de�ning actual causeon top of counterfactual theories instead of

the lessgeneralrecursive causalworld. The reasonfor doing sowas to make the

assumptionsunderlying their de�nition of actual causeexplicit and to simplify

the intuitions behind their de�nition.

The brilliance of structural causal worlds is that they allow people to eas-

ily translate their intuition about counterfactuals into an exact and parsimo-

nious representation. This achievement was groundbreakingand unprecedented.

The favorite of the philosophy community { Lewis's closest-worlds framework

[Lew73b, Lew79, Lew86]{ is far too vaguefor practical use. Yet to de�ne actual

causewe do not needa concreteand tractable representation, so in this chapter

we have worked principally with the abstract notion of a counterfactual theory.

We will only needa concreterepresentation when we actually want to compute

actual cause{ the topic of the next chapter.
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C (Captain)

R1 (First Rifleman) R2(Second Rifleman)

D (Death)

C = true

R2 = CR1 = C

D = R1 OR R2

Figure 2.1: Causaldiagram for the Firing Squadscenario.
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CHAPTER 3

Algorithms

In this chapter, we consider the task of computing whether one event is an

HP causeof another event in an acyclic causal world. Previously, Eiter and

Lukasiewiczhave shown that this general problem is intractable. Speci�cally

they show that it is � P
2 -complete[EL01]. Hencewe approach this problem from

two directions. In Section3.1, we provide search-basedstrategiesfor computing

the generalproblem as e�cien tly as we can. In Section3.2, we considercertain

tractable casesidenti�ed by [EL02], and using their work asa basisfor our own,

we show how to determine whether HP causalqueriesto a given acyclic causal

world can be answered in polynomial time.

3.1 General Algorithms

For simplicity, in this chapter, we will denotea causalworld M = (S = (V ; D; F)

simply as the pair M = (V ; F) (making the domain implicit). So considerthe

task of determiningwhetherevent x is an HP-causeof event y in an acycliccausal

world M = (V ; F). From Theorem2.5.3,we know that this questionhasa trivial

answer (in the negative) unlessx is a singleton event. Thus we can restrict our

focusto determining whether event x of variable X is an HP-causeof someevent

y . For simplicity, we will alsorestrict our focus to singleton e�ects y.

Thus, let us considerthe task of determining whether x
H P
/ y holds in a given
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causalworld. Throughout this section,we will usethe explicit de�nition of HP

cause(De�nition 2.5.4). The �rst thing to notice is that checking EHP1 is an

easytask. Checking whether x is a singletonevent is trivial. To check whether x

and y are actual, we merely needto compute two counterfactuals, which can be

donein polynomial time, accordingto Theorem2.6.8.

The di�cult y lies in checking whether or not EHP2 holds. The remainder

of this sectiondealswith strategiesfor deciding this. We should point out that

the task of determining whether EHP2 holds boils down to searchesthrough two

di�erent search spaces:

1. A search through possiblew. The top-level task is to �nd a partial event

w that satis�es all three constraints of EHP2.

2. A search through possibleZ. Notice that for a given w, EHP2(a) and

EHP2(b) can be checked in polynomial time by Theorem2.6.8 (sinceeach

merely requiresus to computea singlecounterfactual). However, EHP2(c)

is moreinvolved. It requiresusto check that there is nosetZ � V n(f X ; Yg[

W ) such that Yxwz 6= y, where z is the actual event of Z. Here we are

searching for a set of variables,rather than for a particular event, as in the

search for w.

The following properties of acyclic causalmodels,establishedin [Pea00],will

be useful:

Prop osition 3.1.1. Let M = (V ; F) be a acyclic causalworld. Let Y 2 V . Let

w be a partial eventof V . Then the following properties hold:

(a) Yw = Ywx for any partial eventx of V if all directed paths from X to

Y in the causaldiagram of M are intercepted by W .

(b) For any X � V , Yw = Ywx if X w = x.
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3.1.1 Algorithm-Indep endent Optimizations

Naturally we would like to reducethe sizeof the search spacesdiscussedabove as

much as possible.To this end, we de�ne the notion of the projection of a causal

world.

De�nition 3.1.2. (Projection) Let M = (V ; F) be a acyclic causal world. To

delete a variable Vi from M , Vi is removed from V , f i is removed from F, and

the structural equation f j of each child Vj of Vi is replaced with f j jvi , where vi

is the actual event of Vi . The projection of M over variablesV1; V2; :::; Vk is the

new (acyclic) causalworld produced by deletingVk+1 ; Vk+2 ; :::; Vn from M . Given

causalquery (x; y), we de�ne the (X ; Y)-projection of M as the projection of M

over X , Y , the variablesV X Y on a path from X to Y in the causal diagram of

M , and the parents of V X Y and Y in the causaldiagram of M .

Intuitiv ely, deleting a variable givesus the sameresult aspermanently �xing

it at its actual value. Now we can prove that the questionof whether x is an HP

causeof y in M dependsonly on the paths that connectX to Y in the causal

diagram of M , and the nodes which in
uence nodes on these paths (i.e. the

(X ; Y)-projection). All other nodeseither do not in
uence Y, or do so through

a parent of a node on a path, and can be safely ignored.

Theorem 3.1.3. Let M = (V ; F) be a acyclic causalworld. Then x
H P
/ y in M

i� x
H P
/ y in M 0, where M 0 is the (X ; Y)-projection of M .

Proof. Supposex
H P
/ y in M . Then wemust haveW � V nX , w 2 dom(W ), and

x0 2 dom(X ) such that EHP2 is satis�ed. Now considerthe set P of variables

which are parents to variableson a path from X to Y (except parents of X ), but

are not themselveson a path from X to Y. SupposeP w = p. De�ne W 0 as the
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union of P with the subsetof W on a directed path from X to Y, and de�ne w 0

such that w 0(V ) = w(V) for V 2 W and w 0(V) = Vw for V 2 P.

We will show that this w 0 2 dom(W 0) alsosatis�es EHP2. By Prop. 3.1.1(a),

Yx0w 0 = Yx0pw . Then, sincePw = P x0w by Prop. 3.1.1(a), thereforeYx0pw = Yx0w

by Prop. 3.1.1(b). HenceYx0w 0 = Yx0w 6= y, so w 0 satis�es EHP2(a).

Now we show that it satis�es EHP2(b) and (c). Take any Z � V n(X [ W )

and let z = Z. By Prop. 3.1.1(a), Yxw 0z = Yxpwz . Also by Prop. 3.1.1(a),

Yxpwz = Yxpwz 0, where Z0 is the subsetof Z on a directed path from X to Y,

and z0 is the actual event of Z0. SincePw = P xwz 0 by Prop. 3.1.1(a), therefore

Yxpwz 0 = Yxwz 0 by Prop. 3.1.1(b). Hence Yxw 0z = Yxwz 0 = y, so w 0 satis�es

EHP2(b) and EHP2(c).

Hencewe can always devisean intervention consistingonly of variableson a

path from X to Y and variablesin P that satis�es EHP2. Clearly, EHP1 is also

satis�ed in M 0. Hence,x is an HP causeof y in M 0. The converseof this theorem

is trivial.

Looking at Figure 3.1, we seehow this can substantially reducethe number

of nodesin the causalworld (while not increasingthe connectivity of the causal

diagram). Notice that such projection can be donebeforeattempting any algo-

rithm for determining whether x is an HP causeof y. Henceforth,unlessstated

otherwise, we will implicitly assumethat our algorithms are operating on the

(X,Y)-pro jection.

3.1.2 Brute-F orce Approac h

Recall that the task of determining whether EHP2 holdscan be divided into two

stages: a search through possiblew, and a search through possibleZ. For the
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next two sections,we will focus on the �rst stage, and assumethat we have a

black box to check EHP2(c).

There is a rather obvious brute-force search algorithm through the spaceof

possiblew. For someordering of the variables of our causalworld (excluding

Y), we simply assigna value (including a possible "non-assignment" value ; ,

indicating that the variable is not part of W ) to each variable, one at a time,

until all variableshave beenassignedvalues. Then we check to seewhetherEHP2

is satis�ed by this w. Here, we are lumping X into W , thus to check EHP2(a)

and (b), we simply check that Yw 6= y and Yw 0x = y, wherew 0 is merely w with

the assignment for X removed. If EHP2(a) and (b) hold, then we check EHP2(c)

with our black box. If this alsoholds, then x
H P
/ y. If not, we try another setting

of the variables,until we �nd onethat satis�es EHP2 or until all possibilitiesare

exhausted.

The obvious drawback of this approach is that it amounts to a brute-force

search of a tree with depth N � 1 and branching factor c + 1, where N is the

number of variables in the causaldiagram (minus one, for Y), and c is the size

of each variable domain in the network (plus one, for ; ) Here, we assumefor

simplicity that each variable domain hasthe samesize. Thus this search tree has

O((c+ 1)N ) leaf nodes.

To check whether any given leaf in the search tree satis�es EHP2(a) and (b),

we potentially needto calculatethe value of each node in our network under two

di�erent interventions. Theorem 2.6.8 tells us that we can do this is polynomial

time. Supposingnow that O(� ) is the worst-casecomplexity of the algorithm to

check EHP2(c), we can say that the worst-caserunning time of this brute-force

algorithm is O(� � p(jM j) � (c + 1)N ), for somepolynomial p.

One approach to pruning the brute-forcesearch tree is basedon the following
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theorem:

Theorem 3.1.4. Let G be the causal diagram of acyclic causal model M =

(V ; F). For variables X ; Y 2 V , choose eventsx; x0 of X and event y of Y.

Suppose there exists a variable set W � V nf X g such that every path from X

to Y in G is blocked by some variable in W . Then for any event w of W ,

Yx0w = Yxw . In other words, either EHP2(a) or EHP2(b) must fail. Furthermore,

any W 0 � W also has this property.

Proof. By Prop. 3.1.1(a),Yx0w 0 = Yw 0 = Yxw 0, for any W 0 � W , w 0 2 dom(W 0).

Theorem3.1.4implies that we can prune any subtreerooted at node N from

our search tree, where N is any node representing a partial event w for which

every path from X to Y in the causaldiagram contains somevariable assigned

by w.

The costper nodeof determiningwhetherall paths from X to Y areblocked is

simply the cost of a depth-�rst search of the graph, which is linear in the number

of nodesin the network. Thus even if we add this pruning to our algorithm, the

running time can still expressedasO(� � p(jM j) � (c + 1)N ).

The bene�t of this pruning will dependon the order in which we assignvalues

to variables,but we will not further explorethis issue.

3.1.3 In terv ention-Pro ving Approac h

Let uscontinueto treat EHP2(c) asa black box, andexaminea di�erent approach

to searching through the spaceof possiblew. To determine whether EHP2(a)

and (b) are satis�ed for causalquery (x; y), we are looking for someevent w,
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such that Yxw = y and Yx0w 6= y for somex0 6= x. We can actually encode part of

this goal into the search spaceitself. For example,we could chooseto only search

the spaceof interventions w 0 such that Yw 0 6= y. Then for each intervention of

the form w 0 = x0w, we would needonly to check that Yxw = y.

We can think of this as \pro ving" interventions w 0 such that Yw 0 6= y in

the causalmodel. We begin by supposing that Y 6= y, and work backwards to

prove which interventions would be consistent with Y 6= y. Take, for instance,

the Desert Traveler formulation. Supposewe want to determine whether X =

tr ue is an HP causeof Y = tr ue. Suppose that Y 6= tr ue. What are the

possibleinstantiations of Y 's parents in that case?In fact, the only possibility

is f D = f alse;C = f alseg. It is easyto seethat under every intervention w 0

such that Yw 0 6= tr ue, it must be the casethat Dw 0 = f alse and Cw 0 = f alse.

More importantly, our claim is that YD = f alse;C= f alse 6= tr ue. Now let us take

this new intervention we have produced,and attempt to eliminate C from it in

the sameway. Notice that the intervention requires that condition C = f alse

will materialize. There are three full instantiations of the parents of C that

force C's value to be 0: f X = f alse;P = f alseg, f X = tr ue;P = f alseg,

f X = tr ue;P = tr ueg. Thus, we can replace C = f alse with these three

instantiations to createthree new interventions. Furthermore, if we continue this

process(eliminating the variables in a reverse topological order), as shown in

Fig. 3.2, then for every intervention w 0 we produce,Yw 0 6= tr ue.

A few observations are in order. At certain points, it is possibleto derive

inconsistent interventions. These are immediately thrown out (marked by X's

in the �gure). Also, each level of the tree can be thought of as \eliminating" a

single variable in the manner described above. However, at each level, we may

alsochoosenot to eliminate the variable (indicated by the rightmost child of each
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Figure 3.1: Demonstration of (X,Y)-pro jection.

Figure 3.2: Intervention-proving search tree for the Desert Traveler scenario

(query: (X = tr ue)
H P
/ (Y = tr ue)).
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node).

Once we have derived a number of interventions w 0 such that Yw 0 6= y, we

simply take the onesof the form w 0 = x0w, and check to seeif Yxw = y and

EHP2(c) are satis�ed. The relevant interventions are circled in the �gure. Notice

that the intervention f X = f alse;C = f alseg is discovered.

The pseudocode for the general intervention-proving algorithm is presented

in Figure 3.3. Notice that Figure 3.2 does not correspond exactly to the tree

searched by Figure 3.3, in the sensethat if we choose to keep the setting for

variable I (k) at depth k of the tree, we do not actually generatea duplicate

intervention at depth k + 1. Instead,we merely keeptrack of our "virtual depth"

in the tree that ensuresthat we only eliminate variables in reversetopological

order.

It is clear that if the intervention-proving search tree generatesevery inter-

vention w 0 such that Yw 0 6= y, and no intervention w 0 such that Yw 0 = y, then

this algorithm will work correctly. Indeed,we can prove half of this.

Lemma 3.1.5. Let A be a nodein the I P search tree for I P(M = (V ; F ); (x; y)) .

Let C be a descendantof A in the I P search tree. For a node N in the I P search

tree, de�ne w(N ) as the intervention that it represents. If variable Z is set to z

by the intervention w(A), then Zw (C) = z.

Proof. Proof by induction on the depth of C with respect to A.

Basecase:Clearly if C = A, then the lemma holds.

Inductive step: Supposethat the lemma holds for all descendants of A that

are at most n levels down the tree from A. Supposethat variable Z is set to

z by the intervention w(A). Let C be a descendant of A such that C is n + 1

levels down the tree from A. Let B be the parent of C. By the inductive
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Algorithm IP( acyclic causal world M = (V ; F ), causal

query (x; y) ):

1. Let M 0 be the (X ; Y)-projection of M .

2. Let I be a reversetopological order of the variablesof M 0 such

that Y = I (0).

3. For all events y0 of Y such that y0 6= y:

(a) Call IPTreeWalk(y0; 0). If it returns true, then return true.

4. Return false.

boolean IPT reeW alk( in terv ention w 0, in t treedepth ):

1. If w 0 has the form x0w, then check that Yxw = y. If so, then

check that w alsosatis�es EHP2(c). If so, then return true.

2. For every singleton subevent v of w 0 such that V 6= X and

V = I (k) for somek � tr eedepth:

(a) For every event p of V 's parents such that FV (p) = v:

i. Let w2 = (w 0nv) [ p.

ii. If w2 is internally consistent, then call

IPTreeWalk(w2 ; k). If it returns true, then return

true.

3. Return false.

Figure 3.3: Pseudocode for the IP algorithm.
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hypothesis,Zw (B ) = z. I P generatesC by eliminating someassignment V = v

from w(B) and replacing it with a full instantiation p of the parents P of V

such that FV (p) = v (and p is consistent with w(B)). HenceVw (C) = v, so by

Prop. 3.1.1(b), Zw (C) = Zw (C)v.

Notice that the intervention w(C)v is simply w(B) after we add p. However,

all paths from P to Z must be blocked by a node in w(B), thusby Prop. 3.1.1(a),

Zw (C)v = Zw (B ) . Hencewe have: Zw (C) = Zw (B ) = z.

So by induction, the theoremholds.

Lemma 3.1.6. For every intervention w 0 found by I P(M ; (x; y)) , Yw 0 6= y.

Proof. This follows directly from Lemma 3.1.5, sincethe root of the search tree

generatesonly nodescorresponding to interventions of the form Y = y0 such that

y0 6= y.

Although it is not the casethat I P generatesevery intervention w 0 such that

Yw 0 6= y, we can neverthelesscharacterizethe interventions that it produces.

Lemma 3.1.7. I P(M = (V ; F ); (x; y)) �nds only interventions w 0 subject to the

following two conditions:

(a) W 0 contains a nodeon everypath from a root nodeto Y in the causaldiagram

of M

(b) If W 0nf Vi g contains a nodeon everypath from variableVi to Y, then Vi 62W 0.

Proof. For node N in the I P search tree, de�ne w(N ) as the intervention that

N represents. De�ne W (N ) as the set of variables assignedby w(N ). For a

variable V 2 V , de�ne PV � V as the parent set of V .

Let Q(k) be the proposition: \All interventions represented by nodesat depth

k of the I P search tree satisfy properties (a) and (b). Furthermore, (c) for IP
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search tree node N at depth k of the IP search tree, there exists a path in the

causaldiagram of M from every V 2 W (N ) to Y such that none of the nodes

on this path are in W (N ), nor doesthere exist j > = k such that I (j ) is on this

path." Proof by induction.

Basecase:Q(0) is true, sinceall nodesat depth 0 are of the form Y = y0 6= y,

which satis�es properties (a) and (b), as well as the extra condition.

Inductive step: AssumeQ(k) is true. Let N be a node in the I P search tree

at depth k, and let V = I (k). Let C be a child of N in the I P search tree. Either

W (C) = W (N ) or W (C) = (W (N )nf Vg) [ P V . In the former case,clearly

W (C) satis�es (a) and (b) and C satis�es (c). In the latter case,we must check

each property:

(a) is satis�ed: Suppose otherwise. Then somepath from a root node to

Y in the causaldiagram of M is not intercepted by W (C). Such a path must

go through V (since it is the only node that is not in W (N ), which satis�es

property (a)), thus it must also go through at least one parent of V. This is a

contradiction.

(c) is satis�ed: SinceN satis�es (c), we seethat the addition of P V to W (N )

does not intercept at least one directed path from each variable in W (N ) to

Y (since for all P 2 PV , P = I (j ), where j > k). Hencewe needonly check

that each variable P 2 PV has a directed path to Y that is not intercepted by

W (C)nf Pg and such that there does not exist j > k such that I (j ) is on this

path. This is the path from P to V to Y guaranteedby the inductive hypothesis.

Notice that V = I (k), hence(c) is satis�ed.

(b) is satis�ed: (c) is a strongercondition than (b), hence(b) follows directly

from (c).

By induction, the lemma is proven.
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Lemma 3.1.8. I P(M = (V ; F ); (x; y)) �nds every intervention w 0 such that

Yw 0 6= y, subject to the following two conditions:

(a) W 0 contains a nodeon everypath from a root nodeto Y in the causaldiagram

of M

(b) If W 0nf Vi g contains a nodeon everypath from variableVi to Y, then Vi 62W 0.

Proof. For node N in the I P search tree, de�ne w(N ) as the intervention that

N represents. De�ne W (N ) as the set of variables assignedby w(N ). For a

variable V 2 V , de�ne PV � V as the parent set of V .

Supposew 0 is an intervention such that Yw 0 6= y, and that satis�es (a) and

(b).

Let Q(k) be the following proposition: \A t depth k of the I P search tree,

there exists a node N such that for all V 2 f I (j )jj < = k � 1g, we have: (i) V 62

W 0 , V 62W (N ), (ii) V 2 W 0 , V 2 W (N ), (iii) 8V 2 W (N ); Vw 0 2 w(N )."

Basecase:Q(0) is trivial.

Inductive step: Assumethat Q(k) is true. Let N be a node that satis�es

Q(k). Let V = I (k). We want to show that I P will generatea child C of N that

satis�es Q(k + 1). Do a caseanalysison V.

CaseV 2 W 0, V 2 W (N ): Then I P will propagateN to the next level of

the I P search tree. Thus N satis�es Q(k + 1).

CaseV 2 W 0, V 62W (N ): This condition is only possiblewhen every path

from V to Y in the causaldiagramof M is interceptedby W (N ). By the inductive

hypothesis,W (N ) � W 0, thus V 2 W 0 implies that W 0 violates condition (b),

which is a contradiction.

CaseV 62W 0, V 2 W (N ), V is not a root node: Sincefor V 62W 0, Vw 0 =

FV (PV
w 0), IP will generatea child C of N such that w(C) = (w(N )nVw 0) [ PV

w 0.
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Clearly w(C) is internally consistent, from the inductive hypothesis (property

(iii)). Also, from the inductive hypothesis,w(C) satis�es properties (i), (ii), and

(iii).

CaseV 62W 0, V 2 W (N ), V is a root node: From Lem. 3.1.7,we know that

W (N ) satis�es conditions (a) and (b). Hence,there is a path from V to Y that

is not interceptedby W (N )nV. By the inductive hypothesis,we know that none

of the variableson this path are in W 0. Also, V 62W 0, so there is a path from

root to Y in the causalnetwork of M that contains no nodesfrom W 0. This is a

contradiction, sinceW 0 satis�es conditions (a) and (b).

CaseV 62W 0, V 62W (N ): Then I P will propagateN to the next level of

the I P search tree. Thus N satis�es Q(k + 1).

So,by induction, at depth n + 1 of the I P search tree, I P will �nd a node N

such that W (N ) = W 0.

From theselemmas,we can prove the correctnessof I P.

Theorem 3.1.9. I P returns an output \ x
H P
/ y" i� x

H P
/ y.

Proof. From Lemma 3.1.6, it is clear that I P returns \ x
H P
/ y" only if x

H P
/ y,

since I P only �nds interventions that satisfy EHP2(a), then checks directly to

seeif they satisfy EHP2(b) and (c).

Now supposethat x
H P
/ y. Then there is someintervention x0w that satis�es

EHP2. Now consider the set of root nodes R = f Ri jRi 62W [ f X gg in the

causaldiagram. Create a new intervention x0wr , where r is the actual event of

R. Notice that sinceR are root nodes,R � M = R x0w , thus this new intervention

must also satisfy EHP2. Now considerany node S 2 W [ A for which every
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path from S to Y contains somenode in W nf Sg. Notice that the value of Y

is therefore independent of the value of S, and hencewe can remove S from

our intervention and this new intervention will still satisfy EHP2. Thus we can

always create a new intervention that satis�es EHP2 and also satis�es the two

conditions speci�ed in Lemma 3.1.8. Henceby Lemma 3.1.8, I P will �nd this

intervention, and return \ x
H P
/ y".

The running time of this algorithm will vary substantially , depending on the

topology and quanti�cation of the causalnetwork, but we can say with certainty

that in the worst-case,I P generatesno more nodesthan the brute-force search

tree of the previoussection.

Theorem 3.1.10. The search tree generated by I P contains no duplicate nodes,

i.e. no two nodesthat representthe sameintervention.

Proof. For a node N in the I P search tree, de�ne w(N ) as the intervention that

N represents. Proof by contradiction. Assumethere are two distinct nodes D

and E in the I P search tree that represent the sameintervention. Let A be

the closestcommon ancestor of these nodes. Let B be the child of A on the

path to D and let C be the child of A on the path to E. SupposeB and C are

created by eliminating variables I (j ) and I (k), j < k, from w(A). Then I (j )

must appear in every intervention of every descendant of C, and cannot appear

in any intervention of any descendant of B . Thus D and E represent di�erent

interventions. Now supposeB and C arecreatedby eliminating the samevariable

I (j ). SinceB and C are di�erent nodes,they each replaceI (j ) with a di�erent

event of the parents of I (j ) in the causalnetwork. Thus someparent P of I (j )

exists such that P = p in w(B) and P = p0 6= p in w(C). From Lemma 3.1.5,

this meansthat Pw (D ) = p and Pw (E ) = p0 6= p. Thus D and E represent di�erent
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interventions. Henceour assumptionis false,and by contradiction, the theorem

is proven.

Sincethe search tree generatedby I P contains no duplicate nodes,I P gener-

ates asympototically no more nodesthan the brute-force search tree, sincethat

tree contains nodesrepresenting every possibleintervention, and the I P search

tree contains only a subsetof possibleinterventions (note that in addition, I P

generatesa certain number of inconsistent nodes,then immediately throws them

away; this adds only a constant amount of work per node, and thus does not

impact asymptotic running time). We can characterize the worst-casenumber

of nodesthat I P will generatein terms of the sizeof the subsetof interventions

that it generates.De�ne S as the subsetof interventions w 0 such that Yw 0 6= y

and w 0 satis�es the conditionsspeci�ed in Theorem3.1.8. Then from Lem. 3.1.7,

I P generatesjSj nodesin the worst-case.

For each node, we need to check that EHP2(b) holds, which from Theo-

rem 2.6.8, is polynomial in the size of the causal world. Additionally , for ev-

ery variable V that we are eliminating, we also need to compute the value of

function FV for every parent event of V , in order to generatethe children of

the node. This takes O(ck) time, where c is the maximum size of the domain

of the network variables and k is the maximum number of parents per node.

We will assumethat the number of parents per node is bounded by a con-

stant, as is the maximum size of the domain of the network variables. Hence

ck becomesa constant. Once again supposing that checking EHP2(c) takes

O(� ) time, we can say that the worst-caseasymptotic running time of I P is

O(ck �N pjSj) = O(�N pjSj) Borrowing from the results we derived in the previ-

ous section,we can say that O(�N pjSj) = O(�N p(c + 1)N ). It is not clear how

much tighter a bound O(�N pjSj) is, comparedwith O(�N p(c + 1)N ). Experi-
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mental results, however, suggestthat the di�erence is quite signi�cant.

3.1.4 Checking EHP2(c)

Once we �nd an intervention w that satis�es EHP2(a) and EHP2(b), we then

facethe challengeof checking whether EHP2(c) is alsosatis�ed by w. To do this,

we needto search through the spaceof possibleZ. For each Z, we needto check

that Yxwz = y, wherez is the actual event of Z.

For a particular Z, it is not di�cult to check this. We merelyneedto compute

a single counterfactual, which can be done in polynomial time. The problem is

that if ZC represents the set of variables that are candidatesfor inclusion in Z,

then there are 2jZ C j possibleZ.

Thus, one critical issue is to limit the size of ZC , the candidate set for Z.

Unfortunately, the de�nition itself speci�es that ZC contains every variable in

the causalworld that is not X , Y , or a member of W . Fortunately, we can do

better than this.

Theorem 3.1.11. De�ne x
H P
/

0
y similarly to x

H P
/ y, except with EHP2(c)

replaced by the following:

EHP2(c)0: Yxw z = y, for all Z � ZC suchthat z = Z and ZC = f V 2

V n(X [ W )jV appears on one or more directed paths from X to Y

in the causaldiagram of M that do not contain a member of W g.

Then x
H P
/

0
y i� x

H P
/ y.

Proof. Supposex
H P
/

0
y. Then there exists someintervention x0w that satis�es

the modi�ed versionof EHP2. Considerthe set ZA = (V n(X [ W ))nZC . For all

Z 2 ZA , either W intercepts all paths from Z to Y in the causaldiagram of M ,
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or W interceptsall paths from X to Z (otherwiseZ 2 ZC ). Thus de�ne ZX Z as

f Z 2 ZA jW intercepts all paths from X to Zg, and ZZ Y as ZA nZX Z . Create a

new intervention x0wZ X Z
x0w . We want to show that this new intervention satis�es

the original versionof EHP2.

Since by Prop. 3.1.1(b) Yx0wZ X Z
x 0w

= Yx0w 6= y, clearly EHP2(a) is satis�ed.

Using Prop. 3.1.1(a) and (b), YxwZ X Z
x 0w

= YxwZ X Z
x w

= Yxw = y, so EHP2(b) is also

satis�ed. Finally, takeany Z � (V n(X [ W [ ZX Z )). YxwZ X Z
x 0w

Z = YxwZ X Z
x 0w

Z 0, where

Z0 is Z with all members of ZZ Y removed (by Prop. 3.1.1(a),sinceW intercepts

all paths from thesevariablesto Y). Furthermore, using Prop. 3.1.1(a) and (b),

YxwZ X Z
x 0w

Z 0 = YxwZ X Z
x w Z 0 = YxwZ 0 = y, soEHP2(c) is satis�ed.

Hencex
H P
/

0
y ) x

H P
/ y. The converseis trivial.

Given this result, we can construct a binary search tree to check EHP2(c) in

the following manner: for a given ordering of the variables in ZC , assigneach

variable to either be included in Z or to not be included in Z. The leaves of

such a tree will then be the possibleZ we needto check. Hence,we can apply a

simpledfs, and whenever we hit a leaf, check that the Z represented by the leaf is

consistent with EHP2(c). If not, then EHP2(c) fails. If all leavesare consistent

with EHP2(c), then EHP2(c) holds.

We can de�ne the value of this search tree as 1 if all leaves are consistent

with EHP2(c), and 0 otherwise. The search tree can be pruned, by use of the

following theorem:

Theorem 3.1.12. Let N be a node of this search tree. N representsthe choice

of a certain subsetZ(N ) of ZC for inclusion in Z. If there exists a variable

V 2 Z(N ) suchthat every path from V to Y in the causaldiagram is blocked by
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someother variable in Z(N ), then the subtree rooted at this node can be pruned

from the search tree with no changeto the valueof the tree.

Proof. Supposethat there is someZ such that Z(N ) � Z andsuch that YxwZ 6= y.

If wehave variableV 2 Z(N ) from Z for which every path from V to Y is blocked

by someother variable in Z(N ), then YxwZ = Yxw (Z nV ) . Hencethere exists a Z0

in another subtree of the search tree that also violates EHP2(c). Thus we can

prune the subtreerooted at N with no changeto the overall valueof the tree.

This paper does not addressthe topic of variable ordering heuristics which

can help to maximize the impact of such pruning.

3.1.5 Restricted Forms

Sofar, wehaveoutlined only completestrategiesfor handling the generalproblem

of determining x
H P
/ y. In this section,we considerwhetherwecandevelopbetter

algorithms for restricted forms of the problem.

[Neb96] statesthat intuitiv ely speaking,a problemin � P
2 suggeststwo sources

of complexity. Wehave identi�ed thesesourcesasthe search for w and the search

for Z. In order to achieve a polynomial-time algorithm for HP cause,we would

need to eliminate both sourcesof complexity. Unfortunately, in order to do

so,we would likely be restricting the problem to such an extent as to render the

solution uselessin practice. Nevertheless,we canattempt to eliminate onesource

of complexity or the other to improve the speedof our algorithm (although the

algorithm will still be exponential-time).

One method of doing so takesadvantage of the following result from [EL01]:

Theorem 3.1.13. Let M be a causal world for which all variablesare binary.

Supposefor a given x; y ; w, AC1, EHP2(a), and EHP2(b) hold. Then EHP2(c)
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holdsi� Y xw z = y, where z = Z and Z = V n(f X g [ W ) .

In other words,undera binary causalworld, there is no needto search through

the spaceof possibleZ. It is su�cien t to simply check the set V n(f X g [ W ).

This amounts to computing a single counterfactual, which as we have noted,

takespolynomial time. Thus we canreplaceour exponential-time EHP2(c) check

with a simple polynomial-time check. Hencethe asymptotic running time of I P

becomesO(N pjSj), whereasthe more generalprocedurerequiresO(2jZ C jN pjSj).

3.1.6 Exp erimen tal Results

To test the algorithms outlined in this paper, we generatedrandom causalworlds

through the following process:

1. We generateda random DAG over n variables by adding an edge from

variable k to variable l, k < l with probability PE . We also limited the

number of parents allowed per node at L.

2. We quanti�ed the table for variable V by randomly choosing the value of

each table entry from a uniform distribution over the domain (of sizeD) of

V.

Let V1 be variable 1, and let v1 be the actual event of V1. Let Vn be variable

n, and let vn be the actual event of Vn . The causalquery to our algorithms was

(v1; vn). Note that V1 is a root of the causaldiagram, and Vn is a leaf.

The �rst thing we tested was the averagesizeof the (V1; Vn )-projection of a

randomly generatedcausalworld. We generated2000random networks by the

processdescribed above (with L = 3, D = 2), then took the (V1; Vn )-projection.
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The averagedresults are presented in Table 1. We seethat such pruning can

provide dramatic results for lower valuesof PE .

We then implemented three algorithms: the brute-force algorithm, the same

algorithm with the tree pruning described by Thm. 3.1.4,and the I P algorithm.

Each usedthe CheckEHP2cprocedurewith the pruning describedby Thm. 3.1.12.

For the brute-force algorithm with pruning, we used an arbitrary topological

order of the causalnetwork variablesasour variable ordering. To comparethese

algorithms, we generated5000 random causal worlds over 25 variables by the

processdescribed above with PE = :15; L = 3; and D = 3. Then we computed

the (V1; Vn )-projection of each world. Finally, we ran each algorithm on the

(V1; Vn )-projections (on a Sun Ultra 10 workstation). The results are presented

in Table 2, whereN is the number of variablesin the (V1; Vn )-projection (hence

N � 25). We display only values of N from 2 to 18. Clearly, I P enjoys a

considerableadvantage over the brute-force approach with pruning. One thing

to observe is that the averagetime to generateeach nodeseemsto be larger for I P

than for the brute-force algorithms (by a factor of about 2 or 3). Nevertheless,

the savings that I P provides in terms of the total number of generatednodes

easilymakesup for this cost. Moreover, the performanceof I P on binary worlds

shows an even greater contrast, with mean execution time of 40 secondsand

20000generatednodeson 18-node (V1; Vn)-projections.

3.2 Tractable Cases

In the previoussection,we treated the generalproblem of determining whether

event x is an HP causeof event y in an acyclic causal world. The drawback

of such methods is that the general problem of determining HP causeis � P
2 -

complete[EL01]. However if the causaldiagram obeyscertain properties, then it
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is possibleto computewhetherx
H P
/ y in time polynomial in the sizeof the causal

world. Eiter and Lukasiewicz[EL02] have investigatedclassesof causaldiagrams

for which many of the causalqueries(including HP cause)proposedby [HP00]

can be answeredin polynomial time. This sectionconcernsitself with the classes

of causaldiagrams(directed acyclic graphs) for which questionsof HP causecan

be answeredpolynomially.

All of the tractable classesidenti�ed by Eiter and Lukasiewiczare subsumed

by a classof directed acyclicgraph (DAG) that they refer to asdecomposable. To

understandthis classof DAG, we needto de�ne the conceptof a layer decompo-

sition of a DAG. The intuition behind a layer decomposition of a directed acyclic

graph is to decomposethe DAG into a chain of directed acyclic subgraphsthat

connect to one another through an independent set of interface variables. For-

mally, a layer decomposition of a DAG G = (V; A) is a list ((T 0; S0); :::; (T k ; Sk))

of pairs (T i ; Si ) of subsetsof V such that the following conditions hold [EL02]:

D1. (T0; :::; T k) is an orderedpartition of V.

D2. S0 � T0, ..., Sk � T k .

D3. For every i 2 f 0; :::; k � 1g, no two variablesA 2 T 0 [ ::: [ T i � 1 [

T i nSi and B 2 T i +1 [ ::: [ T k are connectedby an arrow in G.

D4. For every i 2 f 1; :::; kg, every child of a variable in Si in G

belongsto (T i nSi ) [ Si � 1. Every child of a variable in S0 belongs

to (T0nS0).

D5. For every i 2 f 0; :::; k � 1g, every parent of a variable in Si in G

belongsto T i +1 . There are no parents of any variable A 2 Sk .

59



Figure 3.4 depicts a DAG and three layer decompositions of it. We will refer

to each Ti asa block of the layer decomposition. For example,we can refer to T4

as the 4th block of the decomposition. We will refer to each Si as the interface

of the corresponding block. Occasionallywe will informally refer to T 0 as the

\righ tmost" block of the layer decomposition, and T k as the \leftmost" block,

stemmingfrom our convention of graphically depicting layer decompositions (for

instance,in Figure 3.4).

The de�nition is identical to the decomposition givenby Eiter andLukasiewicz

in [EL02], except that we do not constrain the placement of any variablesof the

DAG. Eiter and Lukasiewiczrequirethat certain root variablesareconstrainedto

be in the leftmost (kth) block, while another subsetof variablesare constrained

to be in the rightmost (0th) block. Wewill addressthe impact of such constraints

later. For now, we considerthe more basicproblem.

We de�ne the width of a layer decomposition as the lowest integer w such

that jT i j � w for every i 2 f 1; :::; kg.

Notice that every layer decomposition has width at least 1, and that every

DAG G = (V; A) has the trivial decomposition ((; ; V)). Henceit is well-de�ned

to talk about the lowest width layer decomposition that exists for a particular

DAG G. We refer to the width of such a decomposition as the layerwidth of G.

Eiter and Lukasiewicz[?] have shown that HP actual causecan ben answered

in polynomial time for causalworlds whosecausaldiagramshave boundedlayer-

width.

3.2.1 Complexit y Results

We now de�ne the following problem:
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PE Nodesin Avg nodesin

original network (V1; Vn )-pro jection

.1 10 2.27

20 3.32

30 5.29

.3 10 5.14

20 13.16

30 22.76

Table 3.1: (V1; Vn )-projection size(avg of 2000nets).
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Figure 3.4: A DAG G and three layer decompositions of G of width 4. The

subellipse inside T i represents Si .
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N Brute Force BF w/ Pruning IP

Avg Avg Avg Avg Avg Avg

nodes � t nodes � t nodes � t

gen. (sec) gen. (sec) gen. (sec)

2 1 < 1 1 < 1 1 < 1

3 4 < 1 4 < 1 3 < 1

4 22 < 1 15 < 1 7 < 1

5 91 < 1 53 < 1 18 < 1

6 304 < 1 127 < 1 24 < 1

7 1416 < 1 484 < 1 51 < 1

8 5413 1 1253 < 1 106 < 1

9 19692 4 3963 < 1 199 < 1

10 81490 18 15283 3 406 < 1

11 - - 52142 14 851 < 1

12 - - - - 1767 1

13 - - - - 3453 2

14 - - - - 7539 5

15 - - - - 19119 16

16 - - - - 40924 38

17 - - - - 76207 81

18 - - - - 248152 272

Table 3.2: Algorithm performancecomparison.
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LA YER WIDTH

INSTANCE: Directed acyclic graph G, positive integer k.

QUESTION: Does there exist a layer decomposition of G of width

� k?

We will show that this problem is NP-complete. It is clear that this problem

is in NP, since as a certi�cate we can simply present a (polynomial size) layer

decomposition of width k or less,which can be "guessed"and veri�ed in polyno-

mial time by a nondeterministic Turing machine. Thus our main task is to prove

that the problem is NP-hard.

We will prove this via a reduction from 3-PARTITION, which is de�ned as

follows [GJ79]:

3-PAR TITION

INSTANCE: Set A of 3m elements, a bound D 2 Z + , and a size

s(a) 2 Z + for each a 2 A such that D=4 < s(a) < D=2 and such that

� a2 A s(a) = mD .

QUESTION: Can A be partitioned into m disjoint setsA1; A2; :::; Am

such that, for every i 2 f 1; :::; mg, � a2 A i s(a) = D?

Notice that becauseof the constraint on s(a), each set must contain exactly 3

elements of A. Thus the goal of this problem is to seeif it is possibleto partition

the set of 3m elements into m 3-element setsthat each add up to D.

For example, say that we have the set of elements f 6; 6; 6; 6; 7; 8; 9; 10; 11g,

and bound D = 23. A valid 3-partition exists for this set of elements, namely

A1 = f 6; 8; 9g; A2 = f 6; 6; 11g; A3 = f 6; 7; 10g. Note that 6 + 8 + 9 = 23,

6 + 6 + 11 = 23, and 6 + 7 + 10 = 23.
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Our reduction is inspired by the reduction proof of [GGJ78], which shows the

NP-hardnessof computing the minimum bandwidth of a tree of degree3. Their

constructionusesa specialkind of tree which they dub \siphonophoric," dueto its

similarities with pelagic hydrozoa of the order Siphonophora. Our construction

bearslessof a resemblanceto aquatic life, however we will borrow liberally from

their terminology, when appropriate.

We will needthe notion of a chain of directed cliques. To construct a directed

clique over a set of nodes W = f w0; :::; wkg, we add arrows such that there is

an arrow from wi to wj if (and only if ) i > j . The sink of this clique is w0 and

the source of this clique is wk . We will call the set Wnf w0g the segment of W

and de�ne the sourceof segment Wnf w0g to be the sourceof the clique W. For

segment W, we will usethe notation W sr c to denotethe singletonset containing

the sourceof W.

A chain of directed cliquesis a minimal DAG G over setsof nodes(f w0g; W0;

W1; :::; Wl ) such that W0 [ f w0g is a directed clique with sink w0, W1 [ W sr c
0 is a

directed clique with sink W sr c
0 , ..., Wl [ W sr c

l � 1 is a directed clique with sink W sr c
l � 1.

By minimal, we mean that G doesnot contain any edgesexcept those required

to satisfy the conditions stipulated above, e.g., G does not contain any arrows

from W5 to W3. We will refer to each Wi as the segmentsof the chain and call

w0 the tip of the chain. We show a chain of directed cliquesin Figure 3.5.

Given an instance of 3-PARTITION, we will now construct a DAG G such

that the layerwidth of G is k (or less)if and only if the instancehasa satisfying

3-partition (where k is some value that will be �xed shortly). We begin by

constructing the so-calledbody of our graph.

The body of the graph will consistof a chain of directed cliquesover (f p0g; P;

B1; B2; :::; Bm ; H ) such that:
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� jP j = k.

� For every i 2 f 1; 2; :::; mg, jB i j = k � (6i � 3) � cD.

� jH j = k.

wherec = 3m2 + 9m and k = 2(6m � 3+ cD) + 1. The speci�c valuesof c and

k are not important to worry about now, except to show that we can construct

the body of the graph in polynomial time. For this, we must observe that 3-

PARTITION is \strongly" NP-complete [GJ79], which for our purposesmeans

that 3-PARTITION remains NP-complete, even when we restrict our focus to

instancessuch that D is boundedabove by a (suitably large) polynomial function

of m. Thus, we needonly show that the sizeof the graph we are constructing is

polynomial in m and D.

The body has 1 + 2k + � m
i=1 (k � (6i � 3) � cD) = 9m2D + 54mD + 36m �

3m3D � 3m2 vertices,thus it can be constructedin time polynomial in m and D.

We will refer to segment H as the head of the body, segments B i as the spine of

the body, and segment P as the tail of the body.

Now for each ai 2 A, we construct a tentacle of the graph. A tentacle will

consist of a chain of m nodesattached to the sourceof a directed clique of cai

nodes, shown in Figure 3.6. We refer to the directed clique at the end of each

tentacle asthe hand of the tentacle. We refer to the chain of m nodesasthe arm

of the tentacle. For the tentacle corresponding to 3-partition element ai , we refer

to the node of the arm that is j th closestto the hand as t i;j . For example, the

arm node closestto the hand is t i; 1 and the arm node closestto the headis t i;m .

Each tentacle is attached to one of the nodes(it doesnot matter which) in the

headof the body, i.e. t i;m is the child of an arbitrary node of the head.
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Figure 3.5: A chain of directed cliques,subdivided into segments.

...

"arm"
m nodes

"hand"
ca nodesi

ti, 2ti, m--2ti, m--1ti, m ti, 1

Figure 3.6: A tentacle corresponding to 3-partition element ai .
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Notice that the tentacles contain 3m � m = 3m2 arm nodes, and cmD =

3m3D + 9m2D hand nodes,thus thesecanalsobeconstructedin time polynomial

in m and D.

This completesthe description of the construction of the DAG G correspond-

ing to an instance of 3-PARTITION. Observe that for a �xed m and D, the

only di�erence betweengraphscorresponding to di�erent instancesis the sizeof

the hands of the tentacles. Intuitiv ely, we are trying to �t exactly three hands

into each block of the layer decomposition containing a spinesegment. It can be

shown that this is possibleif (and only if ) there existsa valid 3-partition for the

instance.

The proof proceedsroughly as follows. Supposethat there exists somelayer

decomposition D of G with width k. First observe that the body is a chain

of directed cliques,and that each segment of the body must appear in a single

block of D. In other words, no body segment can spantwo blocks. Furthermore,

the head segment must appear in the leftmost block and the tail segment must

appear in the rightmost block of D (actually, the secondto rightmost { the tip

appears in the rightmost block). Moreover, each spine segment must appear in

its own block (in betweenthe headand tail blocks) sinceany two spinesegments

contain more than k variables.

Since the head and tail blocks each contain k variables, the tentacles must

squeezeinto the available spacein the blocks occupiedby the spinesegments. In

fact, there is just enoughspacein theseblocks to accommodate the variablesof

the tentacles. The proof proceedsto show that the tentacles �t in theseblocks

if (and only if ) a valid 3-partition exists for the instanceof 3-PARTITION that

the DAG corresponds to. In this case,we can �t three hands into each block

containing a spinesegment. We must be careful about how the arms �t in { the
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choiceof c is chosensuch that the proof works.

Lemma 3.2.1. Suppose that we have an instance of 3-PARTITION, and that

G is the DAG corresponding to the construction outlined above. If there existsa

valid 3-partition for this instance, then the layerwidth of G is at most k.

Proof. Without loss of generality, let the 3-partition of A = f a1; :::; a3m g be

A1 = f a1; a2; a3g; A2 = f a4; a5; a6g; :::; Am = f a3m� 2; a3m� 1; a3mg. Construct the

following layer decomposition of G:

� T0 = p0; S0 = p0.

� T1 = P; S1 = P sr c.

� For every i 2 f 2; :::; m + 1g:

T i = B i � 1

[ F3(i � 2)+1 [ F3(i � 2)+2 [ F3(i � 2)+3

[ f t j;i � 1j1 � j � 3(i � 2) + 3g

[ f t3(i � 2)+1 ;j j1 � j � i � 2g

[ f t3(i � 2)+2 ;j j1 � j � i � 2g

[ f t3(i � 2)+3 ;j j1 � j � i � 2g

Si = B sr c
i � 1

[ f t j;i � 1j1 � j � 3(i � 2) + 3g

� Tm+2 = H ; Sm+2 = ; .

We needto prove that this is a valid layer decomposition of G and that the

width of the decomposition is no greater than k. First, observe that this is an

orderedpartition of G, and that S0 � T0; :::; Sm+2 � Tm+2 , thus D1 and D2 are

satis�ed.

68



Check D3. Let Q(i ) be the proposition that D3 holds for integer i . We want

to show that Q(i ) holds for all i 2 f 0; 1; :::; m + 1g. Clearly Q(0) holds, since

T0nS0 = ; . Q(1) holds, since the only parents of the nodes in the tail (except

for the source,which is in S1) are other nodesin the tail. Now we prove the rest

by strong induction. Supposethat for somei 2 f 1; 2; :::; mg, Q(j ) holds for all

j 2 f 0; 1; :::; ig. Wewant to show that Q(i+ 1) holds. By the inductivehypothesis,

weknow that no two variablesA 2 T 0 [ :::[ T i � 1 [ T i nSi and B 2 T i +2 [ :::[ Tm+2

are connectedby an arrow in G. Thus we needonly show that no two variables

A 2 Si [ T i +1 nSi +1 and B 2 T i +2 [ ::: [ Tm+2 are connectedby an arrow in G. It

is easyto seethat every path from any such B to A must go through Si +1 , thus

Q(i + 1) holds. By induction, Q(i ) holds for all i 2 f 2; 3; :::; m + 1g. Thus D3

holds.

Check D4. First, observe that the only variable in S0 has no children, thus

trivially , every child of a variable in S0 belongs to T0nS0. Let Q(i ) be the

proposition that D4 holds for integer i . We want to show that Q(i ) holds for

all i 2 f 1; 2; :::; m + 2g. Q(1) holds, since the children of P sr c are all in S0 or

T1nS1. Let i 2 f 2; 3; :::; m + 1g. The children of B sr c
i � 1 are B i � 1nB sr c

i � 1 and B sr c
i � 2

(except when i = 2, when it is P sr c). Thesevariables are all in (T i Si ) [ Si � 1.

The children of f t j;i � 1j1 � j � 3(i � 2) + 3g are alsocontained in (T i Si ) [ Si � 1,

henceQ(i ) holds for all i 2 f 2; 3; :::; m + 1g. Finally, Q(m + 2) holds trivially ,

sinceSm+2 is the empty set. So D4 holds.

Check D5. Let Q(i ) be the proposition that D5 holds for integer i . We want

to show that Q(i ) holds for all i 2 f 0; 1; :::; m + 1g. Q(0) holds, sincethe parents

of p0 is the set P, which is in T1. Q(1) holds, since the parents of P sr c is the

set B1, which is fully contained in T2. Let i 2 f 2; 3; :::; m + 1g. The parents of

B sr c
i � 1 is the set B i (except for when i=m+1, in which caseit is the head), which
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is fully contained in T i +1 . The parents of the tentacle variables in Si are also

fully contained in T i +1 . HenceQ(i ) holds for all i 2 f 2; 3; :::; m + 1g. Finally, we

observe that Sm+2 is empty, thus D5 holds.

Lastly, we need to check that no block of the layer decomposition contains

more than k variables. Let Q(i ) be the proposition that block T i contains k or

fewer variables. Clearly, jT 0j = 1 � k. jT1j = jPj = k. Let i 2 f 2; 3; :::; m + 1g.

jT i j = jB i � 1j + jF3(i � 2)+1 j + jF3(i � 2)+2 j + jF3(i � 2)+3 j

+ jf t j;i � 1j1 � j � 3(i � 2) + 3gj

+ jf t3(i � 2)+1 ;j j1 � j � i � 2gj

+ jf t3(i � 2)+2 ;j j1 � j � i � 2gj

+ jf t3(i � 2)+3 ;j j1 � j � i � 2gj

= k � (6(i � 1) � 3) � cD

+ ca3(i � 2)+1 + ca3(i � 2)+2 + ca3(i � 2)+3

+3( i � 2) + 3

+3( i � 2)

= k � (6i � 9) � cD + cD + (6i � 9)

= k

Finally, jTm+2 j = jH j = k. Thus no block of the layer decomposition contains

more than k variables. Hencewe have proven the lemma.

Next we must show the converse.

Lemma 3.2.2. Supposethat we havean instance of 3-PARTITION, and that G
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is the DAG corresponding to the construction outlined above. If the layerwidth of

G is at most k, then there existsa valid 3-partition for this instance.

Proof. Observe that each segment of the body of G must be contained in a single

block of any layer decomposition of G. To seethis, notice that any variable V

that appearsin the interfaceof a block cannot have any ancestorwith an arrow

pointing to a descendent of V. Thus, for a segment, only the sourcecan appear

in the interface of a block, and the rest of the segment must necessarilyappear

in that sameblock. We can further observe that no layer decomposition of width

k for G can contain two segments of G, sincethe sizeof every segment is at least

k � (6m � 3) � cD, and 2(k � (6m � 3) � cD) = 2k � 2(6m � 3+ cD) > 2k � k = k.

Henceany layer decomposition of G of width k must have the following form:

� p0 � T0; p0 � S0.

� P � T1; P sr c � S1.

� For every i 2 f 2; :::; m + 1g: B i � 1 � T i ; B sr c
i � 1 � Si .

� H � Tm+2 .

Furthermore, we can observe that all of the tentacle variablesmust appear in

oneof f T2; T3; :::; Tm+1 g, sincethe tentacle must appear to the \righ t" of T m+2 ,

which contains the head (and the ancestorsof the tentacles), and to the \left"

of T1, since this block is completely �lled by the tail (i.e. it has k variables

already, and cannot permit more). The number of variables in the tentacles is:

3m2 + cmD, while the number of the \op en" spacesin f T 2; T3; :::; Tm+1 g (i.e.,

the number of variablesthat canbe addedto theseblocks beforethey reach their

maximum of k variables each) is: � m
i=1 (6i � 3) + cD = 3m2 + cmD. Hencein
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any layer decomposition of G of width k, each of f T 2; T3; :::; Tm+1 g must contain

exactly k variablesof G.

With theseresults in hand, let us prove the equivalent contrapositive of our

lemma, namely, we will show that if there does not exist a 3-partition for our

instance,then there can be no layer decomposition of G of width k or less.Given

what we have already established,clearly there can be no layer decomposition of

G of width lessthan k. Now supposethat there doesnot exist a 3-partition, and

yet there exists a layer decomposition of G with width k.

Observe that the segment of each tentacle's hand (which is a directed clique)

must be completely contained by a single block of the layer decomposition. By

our supposition, there must be somej 2 f 2; 3; :::; m + 1g such that the set A0 of

ai 's that correspond to the hand segments that are contained by T j do not add

up to D. Supposetheseai 's sum to greater than D. Then:

� ai 2 A 0ai � D + 1

! � ai 2 A 0(cai � 1) � c(D + 1) � 3m

= cD + (c � 3m)

> cD + (6m � 3)

Thus any block that contains a spinesegment and thesehand segments must

have greater than (k � (6m � 3) � cD) + (cD + (6m � 3)) = k variables. Hence

it is not possiblefor the ai 's to sum to greater than D.
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Supposetheseai 's sum to lessthan D. Then:

� ai 2 A 0ai � D � 1

! � ai 2 A 0(cai � 1) � c(D � 1)

We will show that we cannot �ll the block to k variables. T j contains at most

(k � 3 � cD) + c(D � 1) = k � 3 � c variables. Thus, to �ll T j , we need to

placeat least c + 3 variables in it. However, the only variables left are the arm

variables, of which there are only 3m2 < c + 3. Thus jT j j must be lessthan k,

which is impossiblein any layer decomposition of G with width k. Thus we have

contradicted our assumption. Given that there doesnot exist a 3-partition, there

cannot exist a layer decomposition of G with width k. This provesthe lemma.

Given what we have established,the following theorem is immediate:

Theorem 3.2.3. LAYERWIDTH is NP-complete.

In the de�nition of layer decompositions proposedin [EL02], there is an ad-

ditional constraint on the de�nition to allow causesto be tractably identi�ed.

Namely, the \cause" variables of the causalnetwork (DAG) must be placed in

the interface of the leftmost block of the layer decomposition, and the \e�ect"

variablesmust be placedin the rightmost block of the layer decomposition. With

the aboveresult in hand, it is a straightforward exerciseto prove that the problem

of �nding the optimal layer decomposition of a DAG subject to such constraints

is alsoNP-complete.

De�ne the following problem:
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LA YER WIDTH WITH CONSTRAINTS

INSTANCE: Directed acyclic graph G = (V; A), positive integer k,

nonempty subsetof variables C � V, nonempty subsetof variables

E � V.

QUESTION: Doesthereexist a layer decomposition of G with j blocks

that haswidth � k, such that C � Sj +1 and E � T0?

Given Theorem3.2.3, the following theorem is relatively straightforward.

Theorem 3.2.4. LAYERWIDTH WITH CONSTRAINTS is NP-complete.

Proof. Supposethat we have a box B that can computeLAYERWIDTH WITH

CONSTRAINTS. We can show that given such a box, we can compute the lay-

erwidth of a DAG G in polynomial time. Observe that there exists an optimal

layer decomposition D of G has somesink variable Vsink in T0 and somesource

variable Vsr c in the interface of the leftmost block of D. Hence,to compute the

layerwidth of G, we can feedG, alongwith every possiblepair of sourceand sink

variablesof G, asinput to B. Oneof theseO(n2) calls will give (G; Vsr c; Vsink ) as

input to B, which will return either D, or someother optimal layer decomposition

of G.

3.2.2 Computation

In the previous sections, we have establishedthe intractabilit y of �nding the

optimal layer decomposition for a given DAG. In this section, we considerhow

we can compute such a decomposition as e�cien tly as possible. To this end, we

proposea depth-�rst branch-and-bound algorithm. In choosing this approach,

we gain the advantage of interruptabilit y, i.e. the computation can be stopped
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at any point and will return the best result it has found thus far. Henceit can

alsobe usedas a heuristic algorithm if run-time is constrained.

We need to �rst establish a few preliminary de�nitions. First, we de�ne

a partial layer decomposition (PLD) of a DAG G = (V; A). This is simply a

layer decomposition of G[W], where G[W] is the subgraph of G over a subset

of variables W � V (consisting of W and the arrows of G that both originate

from a node in W and terminate at a node in W). We will refer to the set W

asVars(D), whereD denotesthe PLD. Figure 3.7(b) shows a PLD D of a DAG

G such that Vars(D) = f B ; C; Eg. Sincethe PLD is a layer decomposition of

G[f B ; C; Eg], we can further de�ne the width of a PLD to be the width of this

layer decomposition. The width of the PLD in Figure 3.7(b) is 2.

Second,we de�ne a sub-PLD D 0 of a PLD D of DAG G = (V; A). Simply

put, a sub-PLD D 0 of a PLD D is a layer decomposition over a subset of the

variables in D that maintains the relative positions of these variables. In for-

mal terms, let D = ((T0
1 ; S0

1); (T1
1 ; S1

1); :::; (T k
1 ; Sk

1 )) be a PLD of G. Let D 0 =

((T0
2 ; S0

2); (T1
2 ; S1

2); :::; (T j
2 ; Sj

2)) be a PLD of G such that Vars(D 0) � Vars(D).

Then D 0 is a sub-PLD of PLD D i� there exists somenon-negative integer m

such that for all i 2 f 0; 1; :::; j g, we have that T i
2 � T i + m

1 and Si
2 � Si + m

1 . This

de�nition is a bit hard to parse,but the intuition behind it is quite straightfor-

ward. Figure 3.7(b) is a sub-PLD of Figure 3.7(c) and Figure 3.7(d) since the

relative positionsof B ; C, and E are maintained, but notice that Figure 3.7(c) is

not a sub-PLD of Figure 3.7(d).

Third, given DAG G = (V; A) and a PLD D of G, an insertion of variable

X 2 (VnVars(D)) into D is a new PLD D 0 of G such that (a) Vars(D 0) =

Vars(D) [ f X g and (b) D is a sub-PLD of D 0. Furthermore, to insert variable

X into PLD D is to producean insertion of X into D. For example,Figure 3.7(c)
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is an insertion of variable F into Figure 3.7(b).

Finally, we needthe conceptof a boundaryvariable. Given a DAG G = (V; A)

and a subsetW � V, we de�ne a boundary variable of W as any variable X 2

VnW such that someparent or child of X in DAG G is a member of W. For

example,for the DAG in Figure 3.7(a), the boundary variablesof f B ; Eg are A

and C (but not F ).

Now to establishour search space,we needto prove a theorem. This theorem

essentially allows our search spaceto be a binary search tree.

Theorem 3.2.5. Let D be a PLD of DAG G = (V; A). Let X 2 V be a boundary

variable of Vars(D). Then there exist at most two unique insertions of X into

D.

Proof. Let D = ((T0
1 ; S0

1); (T1
1 ; S1

1); :::; (T k
1 ; Sk

1 )). D 0 must have either k + 1 blocks

or k + 2 blocks (notice that D has k + 1 blocks). It must have at least k + 1

blocks becauseD is a sub-PLD of D 0, thus the k + 1 blocks of D map to k + 1

blocks of D 0. Furthermore, D 0 canhave at most k + 2 blocks, sinceit hasonly one

additional variable than D, and this variable is adjacent to someof the variables

of D. HenceD 0 can take three forms:

1. D 0 = ((T0
2 ; S0

2); (T1
2 ; S1

2); :::; (T k
2 ; Sk

2 )). In this case,for all i 2 f 0; 1; :::; kg,

we have that T i
1 � T i

2 and Si
1 � Si

2. Furthermore, for somei 2 f 0; 1; :::; kg,

X 2 T i
2.

2. D 0 = ((T0
2 ; S0

2); (T1
2 ; S1

2); :::; (T k+1
2 ; Sk+1

2 )). In this case,for all i 2 f 0; 1; :::; kg,

we have that T i
1 = T i

2 and Si
1 = Si

2. Furthermore, X 2 T k+1
2 .

3. D 0 = ((T0
2 ; S0

2); (T1
2 ; S1

2); :::; (T k+1
2 ; Sk+1

2 )). In this case,for all i 2 f 0; 1; :::; kg,

we have that T i
1 = T i +1

2 and Si
1 = Si +1

2 . Furthermore, X 2 T0
2 .
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Supposethat Y is a parent of X . There are four casesto consider:

� Case 1: Suppose that Y 2 Si
1 for some i 2 f 1; :::; kg. Then D 0 must

take form 1, sinceform 2 leadsto a contradiction of D4, while form 3 also

contradicts D4. Thus in D 0, either X 2 (T i
2nSi

2) or X 2 Si � 1
2 (from D4).

� Case2: Suppose that Y 2 S0
1. Then D 0 cannot take form 2, since this

violates D4. If D 0 takesform 3, then Y 2 S1
2, henceX 2 S0

2, otherwiseD4

is violated. If D 0 takesform 1, then Y 2 S0
2, henceX 2 (T0

2 nS0
2), otherwise

D4 is violated.

� Case3: Supposethat Y 2 (T i
1nSi

1) for somei 2 f 1; :::; kg. Then D 0 must

take form 1, sinceform 2 leadsto a contradiction of D3, while form 3 also

violates D3. Thus in D 0, either X 2 (T i
2nSi

2) or X 2 Si � 1
2 . Otherwise,

either D5 or D3 would be violated.

� Case4: Supposethat Y 2 (T0
1 nS0

1). Then D 0 cannot take form 2, sincethis

violatesD3. If D 0 takesform 3, then Y 2 (T1
2 nS1

2), henceX 2 S0
2 , otherwise

D3 is violated. If D 0 takesform 1, then Y 2 (T0
2 nS0

2), henceX 2 (T0
2 nS0

2),

otherwiseeither D5 or D3 would be violated.

Supposethat Y is a child of X . There are three casesto consider:

� Case1: Supposethat Y 2 Si
1 for somei 2 f 0; :::; k � 1g. Then D 0 must

take form 1, sinceform 2 leadsto a contradiction of D5, while form 3 also

contradicts D5. Thus in D 0, either X 2 (T i +1
2 nSi +1

2 ) or X 2 Si +1
2 (from

D5).

� Case2: Supposethat Y 2 Sk
1 . Then D 0 cannot take form 1 or form 3, since

either violates D5. If D 0 takesform 2, then Y 2 Sk
2 , henceeither X 2 Sk+1

2

or X 2 (T k+1
2 nSk+1

2 ).
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� Case3: Supposethat Y 2 (T i
1nSi

1) for somei 2 f 0; :::; kg. Then D 0 must

take form 1, sinceform 2 leadsto a contradiction of D3, while form 3 also

violates D3. Thus in D 0, either X 2 (T i
2nSi

2) or X 2 Si
2. Otherwise,either

D4 or D3 would be violated.

In all of the (exhaustive and mutually exclusive) cases,there are at most two

PLDs D' that satisfy the conditions of the theorem.

This theorem meansthat we can represent all possiblelayer decompositions

of DAG G as a binary search tree. Supposethat an internal node of the search

tree corresponds to somePLD over a proper subsetof variablesW of G. At the

subsequent level, we choosea boundary variable of W and produce all possible

PLDs that result from inserting this variable into the PLD. From the theorem,

there are only two of these. Clearly as long as G is connectedand W is non-

empty, there will always be someboundary variable to choose. But what about

the basecase,when W is empty? The following theorem gives us our starting

point.

Theorem 3.2.6. Let G = (V; A) be a directed, acyclic graph. Let X 2 V. Then

there exist exactly two unique PLDs D of G suchthat Vars(D) = f X g.

Proof. Simply put, the two PLDs take the form ((T0; S0)). In one,T0 = f X g and

S0 = f X g. In the other, T0 = f X g and S0 = ; . There are no other PLDs over a

singlevariable.

Hencewe have establishedour search space.At the root, we begin with the

trivial PLD over the empty set, and at each subsequent level of the search tree,

we insert someboundary variable into the PLDs that we have generatedat the

previous level of the tree. Figure 3.9 shows a completesearch spacefor a simple

chain graph over two variables.
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Figure 3.8: SinceA is the parent of C, C's insertion into any PLD containing A

is constrainedto two unique positions.
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There is no reasonthat we needto insert nodesto our PLD in a �xed order

down every path of our search tree. Instead, at each node of our search tree

we can dynamically choose to insert any node of the graph that has a parent

or child that has already been inserted to the PLD (recall that this condition

restricts the number of possible insertions to at most two). This strategy is

advantageousbecausewe can �rst add any nodes for which there is only one

possibleinsertion, given the current PLD. Furthermore, if any nodes exist for

which there is no possible insertion, we can immediately return nil (meaning

that no layer decomposition subject to the given constraints exists). We will

refer to this processas resolution. Theseobservations give rise to the following

basicalgorithm:

Let G = (V; A) be a directed, acyclic graph. Then the call BasicLD (G; ; )

returns an optimal layer decomposition of G, wherealgorithm BasicLD is de�ned

as follows:

Algorithm BasicLD ( DAG G, PLD D ):

1. Let D = Resolution (G; D).

2. If Vars(D) = V, then return D.

3. If D = nil then return nil .

4. If Vars(D) = ; then let X be any node of G; otherwiselet X 2 V be any

boundary variable of Vars(D).

5. For every insertion D i of X into D: Let Fi = BasicLD (G; D i ).

6. If all Fi = nil , then return nil . Otherwise, return the layer decomposition

Fi of minimum width.
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For now, we defer a preciseconsiderationof the function Resolution (G; D),

except to say that it returns nil if there is somevariable of G that cannot be

insertedinto D and otherwiserecursively placesall variablesof G for which there

is only one possibleinsertion until all variables of G that are not in Vars(D)

have at least two possibleinsertions.

Theorem 3.2.7. BasicLD (G; ; ) returns an optimal layer decomposition of G.

Proof. Considerthe search tree of BasicLD (G; ; ). Supposethat N is a node of

this search tree corresponding to the call BasicLD (G; D). Notice that if N is at

level k of the search tree, then D is a PLD of G, by an easyinductive argument.

De�ne PLD (N ) = D. Notice further that for any leaf node N of the search tree,

PLD (N ) corresponds to a layer decomposition of G.

Clearly then, BasicLD (G; ; ) returns the lowest-width layer decomposition of

G, amongthe layer decompositions represented by the leavesof the search tree.

Thus to prove that it returns the optimal layer decomposition of G, we need

only show that every layer decomposition of G is represented by someleaf of the

search tree.

We prove this by induction. Fix any layer decomposition D of G. We want

to show that if there existssomenode N such that PLD (N ) is a sub-PLD of D,

then either PLD (N ) = D (in which caseN is a leaf node), or N has a child N 0

such that PLD (N 0) is alsoa sub-PLD of D. Notice that for root R of the search

tree, PLD (R) = ; , which is a sub-PLD of every layer decomposition of G. Thus

if we can prove the above statement, then we will have proven that there exists

someleaf N of the search tree such that PLD (N ) = D.

Assumethat N is a node of the search tree such that PLD (N ) is a sub-PLD

of D. If N is a leaf node, then PLD (N ) = D, since the only sub-PLD of D
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over Vars(D) is D itself. If N is not a leaf node, then by Theorem 3.2.5 and

resolution, it hasexactly two children. SupposeN 0 is oneof thesechildren. Then

Vars(PLD (N 0)) = Vars(PLD (N )) [ W, whereW is the set of variablesadded

to PLD (N ) by resolution(step 1) and by selection(step 4). Let D 0 be the unique

sub-PLD D 0 of D over Vars(PLD (N )) [ W. SincePLD (N ) is a sub-PLD of D,

it must alsobe a sub-PLD of D 0. Thus there must exist somechild N 0 of N such

that PLD (N 0) = D 0.

Henceby induction, for every layer decomposition D of G, there must exist

someleaf N of the search tree such that PLD (N ) = D. Thus BasicLD (G; ; )

returns the optimal layer decomposition of G.

Weclaim that the worst-casetime complexity is O(2n � poly(n)), wheren is the

number of nodesof V and poly(n) is a polynomial functional of n. Sincewe have

already establishedthat the search tree has O(2n) nodes(from Theorem 3.2.5),

we needonly show that a polynomial amount of work is doneat each node. This

is relatively trivial, sincesteps2, 3, and 4 canclearly be performedin polynomial

time, while step 6 requiresus to be able to compute the width of a given layer

decomposition, which caneasilybeshown to bepolynomial. Step5 requiresus to

generateall insertionsof a boundaryvariable into a PLD. From Theorem3.2.5,at

most two such layer decompositions exist. They are also easyto generate,since

we areessentially just adding a node to the existing layer decomposition. We will

further assumethat Resolution (G; D) runs in polynomial-time, thus BasicLD

runs in time O(2n � poly(n)).

Let us now turn our attention to the important resolutionstep. It is not hard

to go through each of the boundary variablesand assesswhich have zeroor one

possibleinsertion, given the constraints placedupon them by previously inserted
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parents and children. But is this all that we can do? It turns out that there

exists a non-trivial classof graph nodeswhich we can automatically insert, even

if there seemsto be two possibleinsertions for the node.

Theorem 3.2.8. Let D be a sub-PLD of DAG G. Let X be a root variable of

G suchthat X is a boundary variable of Vars(D). De�ne w(D 0) to be the width

of the optimal layer decomposition D 00such that D 0 is a sub-PLD of D 00. Then

w(D 0) is the samefor every insertion D 0 of X into D.

Proof. For a given D, there exist two possibleinsertions D 0 of X into D. One

of theseinserts X into Si and the other inserts X into (Ti nSi ). Considera layer

decomposition D 00of G such that D 0 is a sub-PLD of D 00. Then if X is in Si ,

then we can move X to (Ti nSi ) to createa new layer decomposition of the same

width (and vice versa).

Theorem 3.2.9. Let D be a sub-PLD of DAG G = (V; A). Let X 2 V be a

boundary variable of Vars(D). If in G, any ancestor of X is directly connected

to any descendant of X , then there existsat most one insertion D 0 of X into D

suchthat D 0 is a sub-PLD of a layer decomposition of G.

Proof. Let Y be an ancestorof X that is directly connectedto somedescendant

Z of X in G. Thus in any layer decomposition D 00= ((T0; S0); :::; (T k ; Sk)) of G,

oneof two casesare possible,from the de�nition of layer decomposition:

� For somei 2 f 1; :::; kg, Y 2 T i and Z 2 Si � 1.

� For somei 2 f 0; :::; kg, Y 2 T i and Z 2 (T i nSi ).

In either case,X 2 (T i nSi ) (from D4 and D5).

SupposeD 0 is a sub-PLD of G satisfying conditions (a), (b), and (c). Let

someparent P of X be a member of Vars(D), thus P 2 T i for somei . Thus in
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D 0, X 2 (T i nSi ). Otherwise,D 0 is not a sub-PLD of D 00, sincethen D 00could not

satisfy the conditions above. Let somechild C of X be a member of Vars(D),

and supposeC 2 Si for somei . Thus in D 0, X 2 (T i nSi ) becauseD 0 is a sub-PLD

of D 00. SupposeC 2 (T i nSi ) for somei . Thus in D 0, X 2 (T i nSi ) becauseD 0 is

a sub-PLD of D 00. Hencethere is only oneunique D 0 satisfying the conditions of

the theorem.

The upshot of thesetwo theoremsis that we do not have to branch on two

special classesof DAG variables: root variables, and variables that have any

ancestor directly connectedto any descendant. This can in fact constitute a

large proportion of the variables in a given DAG. Notice that both of these

variable setscan be determinedstatically in polynomial time simply by looking

at the structure of the DAG. Henceusinga resolution function that utilizes these

theoremsmeansthat BasicLD hasrunning time O(2m � poly(n)), wherem is the

number of DAG variables that are neither roots nor have an ancestordirectly

connectedto a descendant.

We have now developed a depth-�rst search algorithm whosegoal is to �nd

the leaf of minimum width in a tree of known depth. Hence,this algorithm is

an ideal candidate to transform into a branch-and-bound algorithm. To do so,

we needa cost function g(N ) for each internal node N and a heuristic function

h(N ) that is a lower-bound on the minimum-width layer decomposition that is

a descendant of N . In this case,it is convenient to set g(N ) = 0 for all internal

nodesN and simply focuson how to establisha tight lower bound on the lowest

possiblewidth it is possibleto achieve, starting with the PLD represented by

search tree node N (which we denotePLD (N )).

Clearly for a given node N of the search tree, PLD (N ) is a sub-PLD of every

layer decomposition represented by a descendant leaf. Thusthe width of PLD (N )
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is a lower bound on the best width of any layer decomposition represented by a

descendant in the search tree. Hencewe could seth(N ) to the width of PLD (N ).

This is conceptually simple and straightforward to compute. However, we can

do better than this. Supposethat in G, there is a parent X of somevariable

Y 2 Vars(PLD (N )) such that X 62PLD (N ). In other words, we have inserted

Y in the layer decomposition, but not its parent. What can we say about where

its parent must be inserted? Although we cannot say for certain the speci�c

location of X , we cansay preciselywhich block X must endup in (though it may

or may not be in that block's interface). But all we needto computethe width of

the resulting layer decomposition is to know which variablesare in which block.

Thus we can compute h(N ) to be the width of PLD (N ) once the uninserted

parents of Vars(N ) are addedto their corresponding blocks.

Theorem 3.2.10. Let D be a sub-PLD of DAG G. Let X be a variable of G

such that X 62Vars(D) but such that at least one child Y of X in DAG G is a

member of Vars(D). Let D 0 = ((T0; S0); :::; (T k ; Sk)) be any layer decomposition

of G suchthat D is a sub-PLD of D 0. Then if Y 2 Si for somei 2 f 0; :::; k � 1g,

then X 2 T i +1 . Otherwise, if Y 2 (T i nSi ) for somei 2 f 0; :::; kg, then X 2 T i .

Proof. Suppose Y 2 Si for somei 2 f 0; :::; k � 1g. Then by D5, X 2 T i +1 .

SupposeY 2 (T i nSi ) for somei 2 f 0; :::; kg. Then by D3 and D4, X 2 T i . Notice

that Y cannot be a member of Sk , otherwiseD5 is necessarilyviolated.

We show an exampleof the heuristic resulting from Theorem 3.2.10in Fig-

ure 3.10. Using this heuristic to turn our existing algorithm into a depth-�rst

branch-and-boundalgorithm is simple. At every nodeN such that h(N ) is greater

than or equalto the best width found thus far in the computation, return nil and

do not proceedto explore the subtreerooted at N . Sincethe heuristic is admis-

sible, our algorithm maintains its optimalit y.
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Figure 3.9: A completesearch tree for a simple chain graph over two variables.
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Figure 3.10: A DAG G and a PLD of G over f C; F; Gg. The parent set of f C; F g

all must sharea block with C, thus any layer decomposition that we can obtain

by insertion must have width at least 4.
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Hencein this section,we have developed a depth-�rst branch-and-bound al-

gorithm for determining the optimal layer decomposition of a directed acyclic

graph. This algorithm bene�ts from a number of important properties that we

have provenabout layer decompositions. The algorithm hasthe addedadvantage

of being anytime. In other words, it �nds a solution assoon as it hits a leaf, and

from then on, giving the algorithm extra time simply makesthe solution better,

until the computation is interrupted or completed. Finally, it is easyto adapt

this algorithm to the situation in which we have constraints on where certain

variables must be placed in the �nal layer decomposition. To do so, we simply

ignoreany leaf representing a layer decomposition that doesnot comply with our

constraints.

3.2.3 Comparison with Other DA G Prop erties

In this section,we comparethe layerwidth of a DAG with two other important

DAG properties: treewidth and bandwidth. Notice that both treewidth and

bandwidth alsohave de�nitions for undirectedgraphs,but herewe areconcerned

with directed, acyclic graphs. We will show that, in general, treewidth and

layerwidth are non-comparablein the sensethat neither dominates the other.

For example, there exists a DAG whosetreewidth exceedsits layerwidth, and

there also exists a DAG whoselayerwidth exceedsits treewidth. The samecan

be said of the relationship betweenbandwidth and layerwidth.

The treewidth of a DAG can be de�ned in a number of di�erent ways. We

will de�ne it here in terms of elimination orders. Considera DAG G = (V; A).

First, we must moralizethe DAG, i.e. pairwiseconnectall parents of every node,

then drop directionality from all edgesof the graph. An elimination order of G

is simply any ordering of the variablesin V. To eliminate a variable X 2 V from
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G, we pairwiseconnectall neighbors of X , then remove X from the graph along

with any incident edges. The width of an elimination order � is the maximal

number of neighbors that any node hasat its point of elimination, if we eliminate

the nodesin the order perscribed by � . The treewidth of a DAG G is the lowest

width amongall elimination ordersof G.

Theorem 3.2.11. If the layerwidth of a DAG G is w, then the treewidth of G is

lessthan or equal to 2w � 1. Furthermore, this bound is strict, i.e. for every w,

there existsa DAG G with layerwidth w and treewidth 2w � 1.

Proof. Supposethat D = ((T0; S0); :::; (T k ; Sk)) is a layer decomposition of G of

width w. Let � be an elimination order of D such that for i 2 f 0; :::; k � 1g, all

the variablesin T i appear beforeall the variablesin T i +1 in � . We want to show

that the width of � is at most 2w � 1. By induction, we can easilyprove that at

the point of elimination, any variable in T i can only be connectedto variablesin

T i or T i � 1, which is a total of 2w � 1 variables(not including itself).

To seethat this bound is strict, considerthe DAG G = (V1 [ V2 [ f X g; A)

whereV1 and V2 are independent setsof w variableseach, every variable in V1 is

the parent of every variable in V2, and every variable in V2 is the parent of X .

Clearly D = ((T0; S0); (T1; S1); (T2; S2)) whereT0 = S0 = f X g, T1 = S1 = V2,

and T2 = S2 = V1 is a layer decomposition of G of width w. However the moral

graph of G contains a clique of size2w over V1 [ V2, hencethe treewidth of G is

at least 2w � 1.

We actually cannot provide a bound in the opposite direction. In fact, there

aregraphsof treewidth 1 whoselayerwidth is jV j=2. Namely, the rooted, directed

tree of height 1 (with jV j � 1 leaves) has this property. Furthermore, there are

graphsof treewidth 2 whoselayerwidth is jV j � 1 (the worst possiblelayerwidth).
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Speci�cally, a chain of jV j nodeswherethe root node is connectedto the terminal

node has this property.

Now we turn our attention to bandwidth. To de�ne the bandwidth of a DAG,

we will �rst review the conceptof a topological order. A topological order � of

a DAG G = (V; A) is an ordering of the variables in V such that if X 2 V is

a parent of Y 2 V, then X appears before Y in � . We de�ne the width of a

topological order to be the maximum distance between a parent and its child

in the order. For instance, for the DAG pictured in Figure 3.10, the width of

topological order A; B ; E; C; F; G; H is 3, since C is in position 4 and A is in

position 1. The bandwidth of a DAG G is the lowest width amongall topological

ordersof G.

Theorem 3.2.12. If the layerwidth of a DAG G is w, then the bandwidth of G

is lessthan or equal to 2w � 1. Furthermore, this bound is strict, i.e. for every

w, there existsa DAG G with layerwidth w and bandwidth 2w � 1.

Proof. Supposethat D = ((T0; S0); :::; (T k ; Sk)) is a layer decomposition of G of

width w. Let � be an topological order of D such that for i 2 f 1; :::; kg, all the

variables in T i appear beforeall the variables in T i � 1 in � . Variables in T0 can

only be connectedto other variables in T 0. Moreover, for i 2 f 1; :::; kg, all the

variables in T i can only be connectedto the variables in T i [ T i � 1. Thus the

furthest distance between a parent and a child in � is 2w � 1 (the number of

variablesin T i [ T i � 1, minus one).

To seethat this bound is strict, considerDAG G = (V1 [ V2; A) whereV1 and

V2 are independent setsof w variableseach, and every variable in V1 is the parent

of every variable in V2. Clearly D = ((T0; S0); (T1; S1) where T0 = S0 = V2,

and T1 = S1 = V1 is a layer decomposition of G of width w. However in any

topological order of G, somevariable of V1 must appear �rst, and somevariable
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of V2 must appear last. Thus every order haswidth 2w � 1.

Just aswith treewidth, we cannot provide a bound in the opposite direction.

There are graphsof bandwidth 2 whoselayerwidth is jV j � 1 (the worst possible

layerwidth).

3.3 Discussion

In this chapter, we have presented basic algorithms for determining HP cause.

First, we presented a method of reducingthe problem sizeby projecting a causal

world onto a reducedset of (query-dependent) variables. Then, we exploredtwo

approaches to solving the problem and devisedproven methods of pruning the

search space. The secondattempt, the intervention-proving approach, achieved

superior experimental results. Finally, we consideredthe task of deriving algo-

rithms for restricted forms of the problem, and showed how the I P algorithm

could be adapted to run more e�cien tly for binary causalworlds.

Also, we have provided a detailed analysisof a DAG decomposition called a

layer decomposition, recently proposedby Eiter and Lukasiewicz[EL02]. Many

intractable problemsof causality and explanation(including HP cause)havebeen

found to be tractable for acyclic causalworlds whoseDAG representation has a

layer decomposition of boundedwidth [EL02]. Here,wehaveconsideredthe prob-

lem from a broaderperspective { asa generalproperty of DAGscalledlayerwidth.

As such, any intractable DAG problem can potentially bene�t from the analysis

presented here. This raisesthe question: the subsetof DAGs of boundedlayer-

width is an attractiv e subsetfor what kind of DAG problems(besidesstructural

model-basedcausality)? It is hard to give speci�cs, but onepossibility might be

problemsconcerningdynamic Bayesiannetworks, whosestructure lendsitself to
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decomposition into layers. In any event, we have sought here to establish layer-

width as a new metric for the toolbox of researchers designingDAG algorithms.
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CHAPTER 4

Re�nemen ts to the HP De�nition

Despiteits successon a number of historically problematicexamples,Halpern and

Pearl's de�nition of causeis not the end of the road. In this chapter, we discuss

defectsof the HP account of actual cause,including a theorem that e�ectively

acts asa \factory" for creating counterexamplesfor the Halpern-Pearl de�nition

of cause.We proceedto arguethat the assumptionsunderlying the HP de�nition

are insu�cien t to decideactual cause.In this vein, we exploreextensionsto the

set of assumptionsemployed by Halpern and Pearl, and provide a new proposal

for a de�nition of actual cause.

4.1 Problems with HP Actual Cause

We turn our attention to the counterfactual strategy usedby Halpern and Pearl's

de�nition and evaluate its validit y.

As we have observed, one generalapproach to de�ning causality [Yab04]be-

tween two events is to say: event C causesevent E i� for someappropriate G,

E is counterfactually dependent on C when we hold G �xed. Here, G is any

imaginable statement about the world. For instance, in the Rock story, if we

hold �xed that Billy doesnot throw his rock, then the bottle being shattered is

counterfactually dependent on Suzy throwing her rock.

As an exampleof an inappropriate G, considerthe fact that the occurrence
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of a full moon is counterfactually dependent on whether you brushedyour teeth

this morning if we hold it �xed that a full moon occurs only if you brushed your

teeth this morning. To considera less trivial example, in the Rock story, the

bottle being shattered is counterfactually dependent on Billy throwing his rock,

given that we hold �xed that Suzy doesnot throw her rock (still we should not

concludethat Billy's throw causesthe bottle to shatter).

Thus the key element of any such counterfactual strategy is how it identi�es

which G are appropriate to hold �xed. Intuitiv ely, we would like to screenout

the other causesof E, such that the only causalmechanism responsible for E

is C. Unfortunately, issuessuch as preemption make it extremely di�cult to

systematically de�ne which choicesof G are appropriate.

In Halpern and Pearl's de�nition, they essentially allow G to be anything

that can be expressedas an event of variableswhich are neither a causenor an

e�ect variable. Naturally, this de�nition is too permissive (basically it allows for

any imaginableG, given a suitable choiceof variables), thus they make an e�ort

(through HP2(b)) to restrict the permissivenessof the de�nition. Unfortunately,

this restriction has two defects. Firstly, it is non-intuitiv e. Secondly, it is not

restrictive enough.

This permissivenesswaspointed out by Halpern and Pearl usingthe following

example.

Example (Loanshark) Larry the Loanshark contemplates lurking outside of

Fred's workplace to cut o� his �nger, as a warning to him to repay his loan

quickly. Somethingcomesup, however, so he does not do so. That sameday,

Fred has his �nger severed by a machine at the factory. He is rushed to the

hospital, wherethe �nger is reattached, soif Larry had shown up, he would have

missedFred. At day's end,Fred's �nger is functional, which would not have been
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true had Larry shown up and Fred not had his accident.

Supposethat werepresent this story usingthe setof BooleanvariablesV loan =

f LL; LC; F S;F F g with the following semantics:

� LL (Larry Lurks) is true i� Larry showed up to cut o� Fred's �nger.

� LC (Larry Cuts) is true i� Larry cut o� Fred's �nger.

� F S (Finger Severed) is true i� Larry's �nger was severed as a result of an

accident at work.

� F F (Finger Functional) is true i� Larry's �nger was reattached and func-

tional at the end of the day.

In this case,Halpern and Pearl's de�nition unintuitiv ely classi�es Fred's ac-

cident as a causeof his �nger being functional at day's end (to seethis, use

intervention LL = tr ue and check HP2). To remedy this problem, they propose

a schemewherein \fanciful contigencies" are excludedfrom consideration.Thus,

given that the prior oddsof Larry showing up are slim, they concludethat Fred's

accident is not a causeof his �nger's functionality. Nevertheless,this is a rather

unsatisfactory remedy to the problem. Consider what happens if the story is

amendedsuch that Larry fully intends to show up at the factory, but is improb-

ably struck by lightning such that he doesn't arrive. Hencethe prior probability

of LL = 1 is high, and yet we still intuitiv ely would like to concludethat Fred's

accident did not causehis �nger's functionality. In fact, we would only want to

concludethat Fred's accident was a causeof his �nger being functional at day's

end in the event that Larry shows up in actuality.
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In fact, the problem illustrated by this exampleis simply a representativ e of

any number of situations where it is possibleto choosean inappropriate G to

keep�xed.

Example (Bomb) Billy puts a bomb under Suzy'schair. Later, Suzynoticesthe

bomb and 
ees the room. Still later, Suzy has a prearrangedmedical checkup

and is pronouncedhealthy [Yab04].

Supposethat werepresent this story usingthe setof BooleanvariablesV bomb =

f BP; SN; SF; BX ; SH g, with the following semantics:

� BP (Billy Plants) is true i� Billy plants the bomb under Suzy'schair.

� SN (Suzy Notices) is true i� Suzynoticesthe bomb.

� SF (Suzy Flees)is true i� Suzy
ees the room prior to her chair exploding.

� CX (Chair Explodes) is true i� Suzy'schair explodes.

� SH (Suzy Healthy) is true i� Suzy is later declaredhealthy.

Given this formulation, Halpern and Pearl's de�nition classi�esBilly putting

the bomb underSuzy'schair asa causeof Suzybeingpronouncedhealthy. Clearly

this is an unintuitiv e result, however if we hold �xed the fact that Suzy's chair

explodes,then Suzy being pronouncedhealthy is counterfactually dependent on

Billy planting the bomb (otherwise, she would not have any warning that the

chair would explode and would not 
ee).

The moral of the story is that a de�nition of causebased exclusively on

counterfactual contingenciesmust be considerablylesspermissive than Halpern

and Pearl's de�nition.
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4.2 Generating Examples for whic h HP Fails

In this section, we probe deeper into the overpermissivenessof HP causation

by consideringits implications for local relationships in an acyclic causalworld.

Speci�cally, we examine a single variable in the causal world and its parents,

and considerwhen a parent is consideredto be a causeof its child, under their

de�nition.

Supposewe have an acyclic causalworld M = (V ; F ). Considera variable Y,

one of its parents X , and its structural equation FY . Supposethat x and y are

the actual events of X and Y, respectively. We want to extract conditions from

FY that imply that x is an HP causeof y.

To do this, it is convenient to expressthe set of parent events p such that

FY (p) = y asa (propositional) logical sentence(which we will denote�( Y = y))

over literals of the form Z = z, wherez is an event of someparent Z of Y.

We illustrate this with a modi�ed versionof the �ring squadexample.

Example (Loader) For a �ring squadconsistingof shooters B and C, it is A's

job to load B 's gun. C loadsand �res his own gun. On a given day, A loadsB 's

gun. When the time comes,B and C shoot the prisoner.

Supposewe chooseto model this as a causalworld (whosecausaldiagram is

pictured in Figure 4.1) over the following four propositional random variables: A

(true i� A loadsB's gun), B (true i� B shoots) C (true i� C loadsand shoots),

and D (true i� the prisoner dies).

In the model, the actual valueof D is true, soconsiderthe setof parent events

p such that FD (p) = tr ue. We can expressthis as the following logical sentence:
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�( D = tr ue) = (A = tr ue^ B = tr ue^ C = tr ue)

_ (A = tr ue^ B = tr ue^ C = f alse)

_ (A = f alse^ B = tr ue^ C = tr ue)

_ (A = tr ue^ B = f alse^ C = tr ue)

_ (A = f alse^ B = f alse^ C = tr ue)

Notice that each conjunct is an event p of the parents of D such that FD (p) =

tr ue.

More interesting is the prime implicant form of this sentence. Recall that an

implicant of a sentence � is a term (conjunction of literals) that entails �. A

prime implicant of � is an implicant of � that doesnot entail any other implicant

of � (besidesitself). The prime implicant form of a sentence is the disjunction

of all of its prime implicants. Note that this form is unique.

To continue our example,the prime implicant form of �( D = tr ue) is (A =

tr ue^ B = tr ue)_ (C = tr ue). Observethat (A = tr ue^ B = tr ue^ C = tr ue) and

(A = tr ue^ B = tr ue^ C = f alse), which are both implicants of �( D = tr ue),

both entail implicant (A = tr ue ^ B = tr ue), thus they do not appear in the

prime implicant form.

The prime implicant form is interesting becauseit lends itself to a natural

causal interpretation. Each prime implicant is a minimal set of value assign-

ments to parents of D that ensuresthat D = tr ue. Speci�cally in this example,

the prisoner will be guaranteed to die if A loadsB 's gun and B shoots, or alter-

natively, if C loadsand shoots.

This logical form is reminiscent of John Mackie's INUS condition [Mac65].

Consideran event C and an e�ect E. Rather than requiring that C is either nec-
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essaryor su�cien t (or both) to achieve E, recall that Mackie insteadrequiresthat

C is an insu�cient but necessarypart of a condition which is itself unnecessary

but su�cient for the result. For instance,A loading B 's gun is a necessarypart

of a su�cien t condition to ensurethe prisoner's death. In terms of the prime

implicant logical form, su�cien t conditions map to implicants. For instance,

A = tr ue ^ B = tr ue is a su�cien t condition for D = tr ue. Furthermore, since

A = tr ue ^ B = tr ue is a prime implicate (henceno subsetof its conjuncts is

an implicate), we observe that both A = tr ue and B = tr ue are necessaryparts

of this su�cien t condition. Henceany literal that appears in a prime implicate

satis�es the INUS condition.

Interestingly, we can prove the following:

Theorem 4.2.1. Let M = (V ; F ) be an acyclic causalworld. Considera variable

Y, oneof its parentsX , and its structural equation FY . Supposethat x and y are

the actual eventsof X and Y, respectively. Then if X = x appears as an literal

in any prime implicate of �( Y = y), then x is an HP causeof y.

Proof. We will use the explicit formulation of HP causein this proof. Clearly

EHP1 holds, since x and y are the actual events of X and Y by assumption,

and x is a singleton event. It remains to show EHP2 holds. We will prove an

equivalent contrapositive. Speci�cally, we will supposethat EHP2 doesnot hold,

and prove that under this supposition, X = x cannot appear as a literal in any

prime implicate of �( Y = y).

Suppose, then, that EHP2 does not hold. This implies that for the set of

parents W of Y not including X , there is no event w of W such that Yxw = y

and Yx0w 6= y for x0 6= x. Hencefor any implicate of �( Y = y) of the form

(X = x) ^ C, where C is a conjunction of literals, (X = x0) ^ C is also an

implicate, for every event x0 of X . HenceC is also an implicate, which means
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that any implicate containing the literal X = x is not prime.

The implications of the above theorem are surprising. It is encouragingthat

locally speaking,Halpern and Pearl's de�nition resembles the intuitiv ely appeal-

ing criterion of Mackie. At the sametime, the theorem exposesthe overpermis-

sivenessof Halpern and Pearl's de�nition. Observe that for x to causey, X = x

need only appear in someprime implicate of �( Y = y). There is no require-

ment for X = x to appear in a satis�ed prime implicate. Considerthe following

alteration of the loader examplefor emphasis.

Example We have the samesituation as in the Loader exampleabove, except

now B electsnot to shoot. A still loads B 's gun, C still loads and shoots, and

the prisoner still dies.

This story can be modeled the sameway as above (seeFigure 4.1), except

now the actual event of B is f alse. The prime implicate form of D = tr ue is still

(A = tr ue^ B = tr ue) _ (C = tr ue). Notice that the actual event of A is tr ue

and that A = tr ue appears in �( D = tr ue), henceby Theorem 4.2.1, Halpern

and Pearl's de�nition classi�esA = tr ue as a causeof D = tr ue. (alternatively,

we can observe that the intervention B = tr ue;C = f alse satis�es EHP2).

Halpern and Pearl's de�nition classi�es A loading B 's gun as a causeof the

prisoner's death becauseit is a necessarypart of a su�cien t condition to cause

the prisoner's death, but it completely disregardsthe fact that this su�cien t

condition did not occur in the actual situation we are concernedwith! This is

what prompts the de�nition to draw such a counterintuitiv e conclusion. Given

this observation, it is trivial to construct any number of situations for which

Halpern and Pearl's de�nition returns an answer contrary to intuition.
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In fact, locally speaking,Halpern and Pearl's de�nition is even more permis-

sive than Theorem 4.2.1 suggests.The following counterexample demonstrates

that the converseof Theorem4.2.1doesnot hold.

Example Supposewe have a causalworld with three random variablesA; B ; C

such that dom(C) = f 0; 1g, dom(A) = dom(B) = f 0; 1; 2g. De�ne the structural

equationssuch that B = A + 1(mod3) and such that C = 1 i� (A = 0 ^ B =

0) _ B = 2 (note that this is �( C = 1)). In the actual world, let A = 1 (hence

B = 2 and C = 1). According to Halpern and Pearl's de�nition, A = 1 is a cause

of C = 1 (letting W = ; ). Observe that A = 1 doesnot appear as a conjunct of

any prime implicate of C = 1.

Counterexamplescan alsobe constructedfor the casewhereall variablesare

restricted to be propositional.

4.3 A New Prop osal

As we have seen,the Loader example is emblematic of a generalproblem with

the HP de�nition. Speci�cally, for local relationships, it classi�es one event x

as the causeof another event y if event x is a necessarypart of a su�cien t

condition to causeevent y , regardlessof whetheror not that su�cient condition

actually occurred! This observation motivates the idea of strong counterfactual

dependence.

De�nition 4.3.1. (StrongCounterfactualDependence) Fix a counterfactual the-

ory � of variableset V . Supposethat eventy is � {counterfactually dependenton

eventx under intervention w. We saythat eventy is strongly � {counterfactually

dependent on eventx if, in addition, w is � {actual.

100



In other words, strong � {counterfactual dependencedisallows interventions

that are not actual events. Observe that actual counterfactual dependenceim-

plies strong counterfactual dependence,which in turn implies potential counter-

factual dependence.Beforewe aretempted to simply de�ne actual causein terms

of strong counterfactual dependence,we should considerthe following problem,

originally due to McDermott [McD95]:

Example (Fielder) A ball is caught by a �elder. A little further along the ball's

tra jectory is a solid wall in front of a window.

Suppose that we model the Fielder story with the three Boolean variables

F C (true i� the �elder caught the ball), H W (true i� the ball hit the wall),

and WB (true i� the window is broken by the ball). Intuitiv ely, what does the

natural causal theory say about whether the �elder's catch causedthe window

to remain intact? There is perhapssomequestionhere,but we would arguethat

intuition leans towards concluding that the �elder's catch does not causethe

window to remain unbroken. It is a questionhereof inevitabilit y and our default

expectations, similar to stating that a fatal heart attack is not the causeof the

state of a personbeing dead�v e hundred yearsafter the fact. Now considerthe

following alteration of the Fielder story.

Example (Double Fielder) A ball is caught by a �elder. A little further along

the ball's tra jectory is a window, which would have broken had the ball collided

with it. However, a secondout�elder was ready to catch the ball, had the �rst

�elder beenunable to.

We will model the Double Fielder story the sameway as we did the Fielder

story, except that we replace variable H W with Boolean variable SF C (true
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i� the second�elder caught the ball). We can observe that in fact the natural

counterfactual theories of these two variable sets are isomorphic (by mapping

H W to SF C). However the natural causal theories do not seemto share this

isomorphism. In this case,it is much easierto assertthat the �rst �elder's catch

did indeedcausethe window to remain intact. He is a true hero for saving the

baseballstadium a costly repair bill.

To obtain di�erent answersfor Fielder and DoubleFielder, Halpern and Pearl

[HP01] recommendnot including variable H W in our variable set for the Fielder

story. In doing so, they arguefor encoding someof the information we are using

to de�ne actual causein our choiceof variables. This begsthe question: whenwe

are encoding a story with a set of variables (i.e. choosing a signature), how do

we know when such a signature is appropriate? For instance,if we claim that it

is somehow appropriate to include the variable H W when modeling the Fielder

scenario,on what basisare we making this claim (beyond the circular reasoning

that it will causeour de�nition of causeto falter)?

Perhapsalternatively, we can claim that our signature problems are always

a caseof choosing a signature that underspeci�es the information implicit in

the story representation. For instance, perhapswe somehow needto introduce

quantities that di�erentiate the wall from a second�elder in a manner that �ts

with causal intuition. This view assumesthat as long we do not fail to model

all salient aspects implicit in a story representation, we will not have isomorphic

modelsthat o�er di�ering causalintuitions. The questionremains,however, what

criteria we can useto evaluate whether a given signaturesu�cien tly speci�es the

information contained in a given story.

Here, we will try to resolve this discrepancydi�erently, becausewe feel that

it makesthe assumptionsand information that we useto determineactual cause

102



moreexplicit. Wearguethat whenwereada story such asFiring Squador Double

Fielder, we not only build in our minds a counterfactual theory of the actual

progressionof events, but also a counterfactual theory of a default progression

of events. For instance,for the Firing Squadstory, we imagine a counterfactual

theory in which the human players are inactive. This default theory gives us

di�erent answers to certain counterfactual questions.For instance,in the default

theory, the prisoner'sdeath is counterfactually dependent on the secondri
eman's

shot, becausethe captain and �rst ri
eman do nothing (by default).

For the Double Fielder, the default theory supposesthat neither �elder will

attempt to catch the ball. Thus the window is broken by default if a ball is

hit towards it at the right tra jectory. By contrast, our default expectation for

the Fielder scenariois that the wall will stop such a ball, sincethis is a passive

action, requiring no agency. In this way, adding a default counterfactual theory

to the equationdisturbs the isomorphismbetweenthe two stories,and allows the

possibility of designinga causaltheory that distinguishesthem.

Fundamentally, we are making an appeal to intuition here. We assert that

for every story, there exists a default counterfactual theory that corresponds to

a completely passive versionof the story (stripped of the active actions of story

agents). It essentially allows us to make statements about what we would expect

to happen in a vacuum (so to speak). For instance, it allows us to say things

like: \If a ball is 
ying towards a window at the right tra jectory, then that

ball will break the window, if nothing actively prevents it." Another way to

think of a default counterfactual theory is to imaginethat we build a probability

distribution over all possiblecounterfactual theories,given the set-up of a story

(before anything happens) and a set of variables. The default counterfactual

theory can be viewed as the most likely counterfactual theory, accordingto this
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distribution.

We will assumethen that given a story and a set of variables with respect

to V , we not only have the natural counterfactual theory � of V , but also a

default counterfactual theory  of V . Let us craft a new de�nition of actual

cause.Supposewe have a causalquery (x; y). It is generallyagreedthat if y has

actual counterfactual dependenceon x (according to the natural counterfactual

theory), then x is an actual causeof y . The problems arise when we begin to

considercausalqueriessuch that y hasonly potential counterfactual dependence

on x, according to the natural counterfactual theory. We have argued earlier

in this section in favor of only concluding that x causesy if y has strong � {

counterfactual dependenceon x. However, the Fielder/ Double Fielder examples

indicate that even this condition is too permissive, sincethe window remaining

unbroken has strong � {counterfactual dependenceon the �rst �elder's catch in

both scenarios.The di�erence, as we have argued, is that in the Double Fielder

story, the window remaining unbroken has actual counterfactual dependenceon

the �rst �elder's catch (accordingto the default counterfactual theory). By con-

trast, in the Fielder story, the window remaining unbroken doesnot have actual

counterfactual dependenceon the �rst �elder's catch (according to the default

counterfactual theory), sincethe wall would still have stoppedthe ball by default.

We summarizetheseconsiderationsin the following preliminary de�nition.

De�nition 4.3.2. (Full Cause) Let � be the natural counterfactual theory of

variable set V . Let  be the default counterfactual theory of variable set V .

Consider two disjoint partial eventsx and y of V . Event x is a full causeof

eventy i�:

(FC1) x and y are � {actual.

(FC2) One the following conditions hold:
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(a) y has actual � {counterfactual dependence on x.

(b) y has strong � {counterfactual dependence on x and y has actual

 {counterfactual dependence on x.

(FC3) x is minimal; no subeventof x satis�es conditions FC1 and FC2.

We will also allow subevents of a full causeto be consideredcauses(for in-

stance,either ri
eman's shot in the Firing Squadstory).

De�nition 4.3.3. (Partial Cause)Event x is a partial causeof eventy i� there

existsa supereventz of x suchthat z is a full causeof y .

Thus we arrive at our de�nition of actual cause.

De�nition 4.3.4. (Actual Cause)Event x is an actual causeof eventy i� x is

a partial or full causeof y .

Interestingly, this new de�nition doesnot immediately rule out non-singleton

causes,as HP causehas beenproved to [EL01]. For the Firing Squad,the com-

pound event R1 = tr ue and R2 = tr ue is a full causeof D = tr ue, accordingto

the de�nition. The readercan check that the de�nition behaveswell on the ex-

ampleswe have coveredso far. For instance,it concludesthat the ri
eman (and

the captain) are causesof the man's death in the Firing Squadstory, that the

loader doesnot causethe man's death in the Loader story (sincethe death does

not have strong � {counterfactual dependenceon the loading), and that Suzy's

rock causesthe shattering of the bottle in the Rock story (since the shattering

hasstrong � {counterfactual dependenceon Suzy'sthrow, and the shattering has

actual  {counterfactual dependenceon Suzy's throw).

We believe that this de�nition handlesall of the examplesfrom [HP00] and

[HP03] appropriately. As an example,we will consideroneexamplethat Halpern

and Pearl found problematic for their de�nition to handle.
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Example (Noisy Rock) Consider a variation of the Rock story in which Suzy

plannedto throw her rock at time 1, and Billy plannedto throw his rock at time

3. Each of their throws takesonetime unit to reach the bottle. In reality, a noise

distracted Suzy, resulting Suzy to delay her throw until time 2. Billy threw his

rock as planned at time 3. The bottle was shattered by Suzy's rock at time 3,

while Billy's rock sailedpast wherethe bottle had beenat time 4.

Halpern and Pearl model this story usingthe setof BooleanvariablesV noisy =

f N; ST1; ST2; BT3; H2; H3; H4; BS2; BS3; BS4g, with the semantics that N = tr ue

i� the noiseoccurred,STk = tr ue i� Suzy threw her rock at time k, BTk = tr ue

i� Billy threw his rock at time k, H k = tr ue i� the bottle is hit at time k, and

BSk = tr ue i� the bottle is in a shattered state at time k. Their de�nition

concludesthat the noisecausedthe bottle to be in a shattered state at time 4,

which runs counter to intuition, sincethe noisemerely a�ected the timing of the

shattering, and was not a productive agent in the shattering itself.

Our de�nition does not make the sameconclusion. BS4 = tr ue does not

even exhibit strong � {counterfactual dependenceon N = tr ue, thus it concludes

that the noiseis not a causeof the bottle being in a shattering state at time 4.

Meanwhile, our de�nition also arrives at satisfactory causalconclusionsfor the

other causalqueriesfor this story. For instance, BS4 = tr ue does not exhibit

strong � {counterfactual dependenceon BT3 = tr ue, so Billy's throw is deemed

not to be a causeof the bottle being shattered. Alternativ ely, BS4 = tr ue does

have strong � {counterfactual dependenceon ST2 = tr ue (consider intervention

H4 = f alse), plus it has actual  {counterfactual dependenceon ST2 = tr ue

according to the default theory where no active events occur (Billy no longer

preempts Suzy in the default theory), so our de�nition concludesthat Suzy's

throw doescausethe bottle to be shattered. Finally, BS2 = f alse hasactual � {
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counterfactual dependenceon N = tr ue, soour de�nition concludes(accurately)

that the noisecausedthe bottle not to be shatteredat time 2.

4.4 Discussion

In this section,we have discussedthe drawbacks of the Halpern-Pearl account of

actual cause.We assertedthat the assumptionswereinsu�cien t, and introduced

the idea of a default counterfactual theory to addressthis insu�ciency . Coupled

with a natural counterfactual theory, we proposeda re�ned de�nition of actual

causethat handlesmany problematic exampleswell.
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Figure 4.1: Causaldiagram for the Loader scenario.
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CHAPTER 5

Extending the Ontological Commitmen t

Up until now, we have beenmodeling everything in terms of propositions, how-

ever with complex modeling tasks, this can becomequickly infeasible. In this

chapter, we addressthe issueof extending the ontology of causaland counter-

factual theoriesso that we can more easily model situations and extract causal

inferences. Just as structural causalworlds provide a concretemeansof repre-

senting propositional counterfactual theories, we provide an analoguebasedon

situation calculusfor representing �rst-order counterfactual theories.

5.1 Mo deling Issues

One lessonthat can be drawn from the Noisy Rock exampleof Chapter 4 is that

the propositional approach doesnot scaleparticularly well to modeling complex

scenarios.We needto createvariablesfor di�erent peopledoing di�erent actions,

and also for the sameactions occurring at di�erent times. Moreover, we needto

include indicator variables (e.g. the H k variables) that inform the model about

the manner in which an event occurred. We will brie
y considerhow �rst-order

constructscanbeaddedto the propositional approach to make the modeling task

easier.

Rather than having separatevariablesBT and ST, it would be convenient if

we could model the situation with objects BR and SR (Billy's Rock and Suzy's
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Rock) and then have a single action called Thr ow. This way, we could express

Suzy throwing her rock towards a bottle (BT) asThr ow(SR; BT).

De�nition 5.1.1. (First-Or der Signature) We de�ne a (�rst-order) signatureas

a triple (O; A ; D), where O is a �nite set of namescalled objects, A is a �nite

set of namescalled actions, and D is a function mappingeach action of A to its

domain.

For instance, a possible description for the Noisy Rock story would have

O = f SR; BR; BTg, A = f Thr ow; Coll ide;N oise;Breakg, and D mappingeach

action to the set f tr ue;f alseg.

Next we provide a way to expressspeci�c actions, such as Thr ow(BR; BT).

De�nition 5.1.2. (First-Or der Variable) For a �rst-or der signatureS = (O; A ; D),

we de�ne an argument list of S as an ordered list of objects from O. We de�ne

a (�rst-order) variable of S as a pair consisting of an action A from A and an

argument list of S. We de�ne the domain of a �rst-or der variable to be D(A).

We can now give semantics to our example actions above. Thr ow(O1; O2)

meansthat object O1 wasthrown at object O2. Coll ide(O1; O2) meansthat object

O1 collided with object O2. N oise() meansthat a noiseoccurred. Break(O1)

meansthat object O1 was broken.

Given this extensionof the propositional approach, we can proceedto de�ne

important causalconceptsin essentially the sameway that we did soin Section2.

All we needto further de�ne is the notion of an event for a �rst-order signature).

De�nition 5.1.3. (Event) For a variable set X of a �rst-or der signature S, we

de�ne an event of X as a function x that mapseach variableof X to an element

in its domain. We also say x is a partial event of S.
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Note how similar this de�nition of event is to that of a propositional event. In

fact, the rest of the de�nitions of Chapter 2 (including causaland counterfactual

queries,causaland counterfactual theories, counterfactual dependence,and the

de�nitions of actual cause) are de�ned only in terms of a signature and the

variablesand events of this signature. Henceall of thesede�nitions can now be

applied immediately to �rst-order signatures.

5.2 A Situation Calculus Causal Mo del

In the previoussection,we provided a generaloutline for a �rst-order, temporal

approach to modeling the assumptionswe need to establish actual cause. In

the propositional approach, we can use structural causal worlds as a concrete

method of representing counterfactual theories (conveniently, they give us an

e�ective procedurefor answering counterfactual queriesin linear-time). For the

�rst-order approach, what is a proper analogue?This is the questionwe consider

in this section.

We will proposea causalmodel basedon situation calculus, a second-order

logical languagethat has beenwidely employed to describe dynamic situations

[McC63, Rei00]. Previous e�orts have beenmade to try to expresscounterfac-

tuals using situation calculus[CM99]. Our work di�ers from theseby exploiting

the valuable lessonsthat can be learnedfrom the structural model approach. In

this section, we will make steps towards unifying the disparate areasof situa-

tion calculus and structural equation modeling by proposing a model-theoretic

approach to counterfactuals in the situation calculus. We will provide intuition

by using the Firing Squadstory asa running example.
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5.2.1 Review of Situation Calculus

The situation calculusis a second-orderrepresentation languagefor dynamically

changingworlds. For a formal descriptionof L sitcal c, see[Rei00]{ for the purposes

of this dissertation, it su�ces to review the following aspects:

Ob jects: As in �rst-order logic, we have variablesthat represent objects in

the world. For example,R1 could represent the �rst ri
eman of the Firing Squad

story.

Actions: All changesto the world are brought about by actions. Actions

are represented by function symbols and may be parameterized. For example,

shoot(X ; Y) could represent the action of object X shooting at object Y.

Situations: A situation is a possibleworld history. Speci�cally, a situ-

ation is simply a sequenceof actions. The initial situation is denoted by the

distinguished constant S0. There is also a reserved binary function symbol do.

do(� ; s) represents the situation that results from performing action � in situa-

tion s. An examplesituation could be the following: do(die(P); do(shoot(R1; P);

do(signal(C); S0))), which represents the situation that results from C giving a

signal, followed by A shooting at P, followed by P's death. Notice that above,

the actionsoccur right-to-left aswe read it. As a shorthand, we can describe the

samesituation as: [signal(C); shoot(R1; P); die(P)]. In this form, the starting

situation S0 is assumed.

Relational Fluen ts: Relational 
uents are situation-dependent predicates.

They are represented by predicate symbols whoselast argument is a situation

term. For example,dead(x; s) could be a 
uent describingwhether object x is

deadin situation s.

Functional 
uen ts: Functional 
uents are situation-dependent functions.
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They are represented by function symbols whose last argument is a situation

term. For example, distance(x; y; s) could be a 
uent returning the distance

betweenx and y in situation s.

Situation-indep endent predicates: Wewill alsoneedpredicateswith are

situation-independent. For example,r if leman(x) could be a predicatereturning

whether object x is a ri
eman.

We should alsodraw attention to a special binary predicatesymbol:

v : situation � situation

This predicate de�nes an ordering relation on situations. The semantic in-

terpretation of s v s0 is that s is a subhistory of s0. In other words, s is some

subsequenceof the actions of s0 starting from S0. For example,[shoot(R1; P)] v

[shoot(R1; P); die(P)], but [die(P)] 6v[shoot(R1; P); die(P)].

Once we have establisheda set of objects, actions, 
uents, and predicates,

we then needa way to describe the dynamicsof the world. Speci�cally, we need

to describe the initial state of the world, the conditions under which actions are

permissible,and the e�ect of actions on the world. This is accomplishedwith

three distinct setsof axioms.

Initial Database Axioms: An initial databaseaxiom is a �rst-order sit-

uation calculus sentence that is uniform in S0 (i.e. mentions no situation term

except S0). These axioms are used to describe the initial state of the system,

and may include sentencesthat contain no referenceat all to a situation, e.g.

r if leman(R1).

Action Precondition Axioms: An action precondition axiom describes

the conditions that must hold in order for an action to be permissiblein a given
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situation. For example, Poss(shoot(x; y); s) � r if leman(x) ^ sawSignal(x; s)

states that it is possiblefor object x to shoot object y in situation s i� x is a

ri
eman and hasseena signal to �re.

Successor State Axioms: Successorstate axioms are used to describe

how 
uents change in response to actions. For example, dead(x; do(a;s)) �

dead(x; s) _ a = die(x) assertsthat object x will be dead after action a if and

only if it is already deadin situation s or if a is x's death.

We will refer to our collection of objects, actions, 
uents, predicates, and

axiomsas the situation-calculusspeci�c ation of our problem.

Clearly, not all situations of a given situation-calculusspeci�cation are possi-

ble, sincean action's precondition axiom may not be satis�ed when we attempt

to executeit. We refer to the \p ossible"situations as executable, and de�ne the

conceptformally as:

executable(s) = (8a;s� )do(a;s� ) v s ) Poss(a;s� )

In words, a situation is executableif (and only if ) it is possibleto perform all

of its actions in order (from S0).

At this point, we should point out that a situation calculus speci�cation D

implements a �rst-order signatureS = (O; A ; D), whereO is the setof objects of

D, A is the set of actionsof D, and D mapseach action to the set f tr ue;f alseg.

The readermay note that this view is a bit tentativ e, asit relegatesthe 
uents of

D to modeling tools, rather than �rst-class citizens. As a result, onecannot ask

about the causeof a state of the world, but only about an event that occurred

in the world. For instance, in this framework (as it stands), one can ask about

the causeof death, but not about the causeof why something is dead at some
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point in time. This tentativ e ontological commitment has its pros and cons. On

one hand, it allows this modeling framework to avoid someof the ontological

pitfalls outlined by Jaegwon Kim [Kim71] that trouble the causal accounts of

Mackie [Mac65],Lewis [Lew73a],and Halpern and Pearl [HP00, HP01]. On the

other hand, it restricts our freedom to ask certain causal queries of interest.

Nevertheless,this account can be extendedrelatively easily to allow us to ask

causalqueriesabout state variables. We choosenot to do so both for simplicity

and to avoid the troubling issuesraisedby Kim.

Given this de�nition of the �rst-order signature implemented by a sitcalc

speci�cation, we canalsoextendthe de�nitions of �rst-order variablesand events

to sitcalc speci�cations. Speci�cally, we de�ne a variable of a sitcalc speci�cation

as a variable of the �rst-order signature it implements, and an event of a sitcalc

speci�cation asan event of the �rst-order signatureit implements. Furthermore,a

situation can now be viewed as a sequenceof variablesof a �rst-order signature.

Hencewe will often treat a situation as a set of variables, when the order is

irrelevant to us. In this sense,it is well-de�ned to discussthings such asan event

of a situation (which simply maps every ground action of a situation to tr ue or

f alse).

5.2.2 A Motiv ating Example

In this section,we will begin to addressthe issueof translating structural causal

worlds into the languageof situation calculus. We will approach this problem by

asking the question: what should structural causalworlds look like in situation

calculus?Beforeproceedingto generalformalisms,let us �rst translate the Firing

Squadstory, in order to provide motivation.

We can begin with a situation calculus speci�cation for the scenario. Fig-
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Objects:

Actions:

Situation-independent predicates:

Action-pr econdition axioms:

- R1, R2(riflemen)
- C(captain), P(prisoner)

- signal(x).  x signals.
- shoot(x,y).  x shoots y.
- die(x).  x dies.

- rifleman(x), captain(x), prisoner(x)

- Poss(signal(x),s)captain(x) wantsToSignal(x,s)
- Poss(shoot(x,y),s)

º Ù
º Ù Ù

º Ù Ø

º
º $ Ú

º $ Ú
º Ú

Ø Ø
" Ø Ú Ú

Ø

rifleman(x) prisoner(y) sawSignal(x,s)
- Poss(die(x),s) shot(x,s) dead(x,s)

- wantsToSignal(x,do(a,s)) wantsToSignal(x,s)
- sawSignal(x,do(a,s)) y[a=signal(y)] sawSignal(x,s)
- shot(x,do(a,s)) y[a=shoot(y,x)] shot(x,s)
- dead(x,do(a,s)) a=die(x) dead(x,s)

- rifleman(R1), captain(R1), prisoner(R1), etc.
- ( x) (sawSignal(x,S0) shot(x,S0) dead(x,S0))
- wantsToSignal(C), wantsToSignal(R1), etc.

Successor-state axioms:

Initial database axioms:

Fluents:
- wantsToSignal(x,s).
(x wants to signal in situation s).

- sawSignal(x,s).
(x has seen the signal in situation s).

- shot(x,s).
(x is shot (injured) in situation s).

- dead(x,s).
(x is dead in situation s).

Figure 5.1: Sitcalc speci�cation for Firing Squadscenario.
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ure 5.1 depicts a possible sitcalc speci�cation for the Firing Squad scenario.

How doessuch a speci�cation comparewith the corresponding structural causal

model? The key di�erence is that while the sitcalc speci�cation tells us when

actions are allowable, it does not enforcea deterministic progressionof events.

Speci�cally, while the sitcalc speci�cation of the �ring squad scenariotells us

the conditions under which a ri
eman may �re, it doesnot state (as the struc-

tural model does) that Ri
eman A wil l �re if the captain signals. The sitcalc

speci�cation thus takes a more generalview than we want. In order to model

the progressionof events in the actual scenario,we needto add more to the sit-

calc speci�cation. We needto specify the situation (out of the many permissible

situations) that we are currently interestedin.

In the Firing Squadscenario,we are interested in the situation that results

from four actions. We can graphically depict theseactions as a directed acyclic

graph (DAG), such asthe onein Fig. 5.2. The arrows in the graph represent time

dependencybetweenthe actions,e.g. signal(C) occursbeforeshoot(R1; P). Such

a diagramcorrespondsto the setof all situations that follow the partial order that

it speci�es. We can chooseany of thesesituations (it doesnot make a di�erence

which one we choose)and call it the potential situation. Now we can show that

the sitcalc speci�cation, together with this situation, enforcesa deterministic

progressionof events.

To extract the actual courseof events in the scenario,we try each action of

the potential situation in order. In our example,we try to executesignal(C).

We can (its action precondition axiom is satis�ed). Then we can try to execute

shoot(R1; P). We can also do this. In fact, we can executeeach action of our

potential situation in order, hencewe concludethat the actual courseof events in

the scenarioare that the captain signals,the two ri
emen shoot, and the prisoner
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dies.

The next issueis handling counterfactuals. Say we want to extract the course

of events whenthe captain doesnot signal,yet the secondri
eman shoots anyway.

For this, we remove signal(C) from the potential situation, and whenwe attempt

to executeshoot(R2; P), we do soautomatically, regardlessof whether its action

precondition axiom is satis�ed. In this case,when we try to executeeach action

of the potential situation in order, we cannot executeshoot(R1; P) (its action

precondition axiom is not satis�ed), then we automatically executeshoot(R2; P),

and we are able to executedie(P). Thus we concludethat in the counterfactual

scenario,the secondri
eman shoots and the prisoner dies.

Hence,we see(at least intuitiv ely) how notions of deterministic progression

of events and counterfactuals can be modeled with a sitcalc speci�cation and a

potential situation.

5.2.3 Formalisms

Given the motivating examplefrom the previous section, let us proceedto for-

malize the notion of a situation calculus causal model. We begin with some

preliminary notation.

De�nition 5.2.1. For a sitcalc speci�c ation D, let S = [A1; :::; An ] be a situation

of D, and let X be a set of variablesof D. We construct a new situation SX ,

de�ned as follows:

1. SX  S0.

2. For i = 1 to n: if A i 62X then SX  do(A i ; SX )

De�nition 5.2.2. For a sitcalc speci�c ation D, let S be a situation of D, and let
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A be a variableof D. We de�ne A 2 S to mean that (9s)do(A; s) v S. Similarly,

A 62S means that (69s)do(A; s) v S.

Intuitiv ely, SX is the situation S with any mention of the variables (ground

actions) in X removed. A 2 S meansthat the variable (ground action) A appears

in the situation S (recall that a situation is simply a sequenceof variables).

Recall from the previoussectionthat our causalmodel will consistof a sitcalc

speci�cation anda potential situation. Hence,weneedto formally de�ne potential

situation.

De�nition 5.2.3. (Potential Situation) Given a situation-calculus speci�c ation

D, a potential situation is a pair (S;F ), where S is a (not necessarilyexecutable)

situation of D, and F is an eventof S.

F associateseither true or falseto each action of the situation. Thesevalues

are 
ags to ignore the preconditions of a particular action (as in the example

when we force the secondri
eman to shoot, regardlessof the captain's signal).

Generallywheninitially de�ning a potential situation, wewant F to be the trivial

function that maps all actions of S to f alse (signifying that none of them are

beingforcedto occur). We are now ready to de�ne causalmodelsin the situation

calculus.

De�nition 5.2.4. (Situation CalculusCausalWorld) A situation calculuscausal

world (SCCW) is a pair (D; P), where D is a situation calculusspeci�c ation (with

a completelyspeci�e d initial situation) and P is a potential situation of D.

Wehavenot yet addressedhow to answer counterfactual queriesusinga causal

world. Just as we did with structural causalworlds, we want a mechanism by

which we can changethe systemand seehow it reacts. Analogously, we model

this in the SCCW framework by introducing the conceptof a subworld.
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De�nition 5.2.5. (Subworld of an SCCW) Let M = (D; P = (S;F )) be an

SCCW and let x be the partial event of D such that x mapsvariable set X � to

f alse and variableset X + to tr ue. De�ne Px = (SX � ; Fx ), where Fx is the event

of SX � that mapsa variable A of SX � to tr ue i� F mapsA to tr ue or A 2 X + .

Intuitiv ely, we remove the actions from P that we want to forcenot to occur

(theseare the actions that x mapsto f alse), and we 
ag thoseactionsof P that

we want to make sureto happen, regardlessof their preconditions(theseare the

actions that x mapsto tr ue).

Now we introduce the key operator that extracts the actual courseof events

in a particular causalmodel.

De�nition 5.2.6. (Natural ExecutableSubsituation) Given a situation calculus

causalworld M = (D; P = ([A1; :::; An ]; F )) , the natural executablesubsituation

N ES(M ) is constructed iteratively as follows:

1. N ES(M )  S0.

2. For i = 1 to n: if (Poss(A i ; N ES(M )) or F (A i ) = tr ue) then N ES(M )  

do(A i ; N ES(M )).

Essentially , we attempt to perform each action of the potential situation in

order. If it is possibleto perform the action at each given step (or if the action is

being forced to occur), we add it to the natural executablesubsituation; if not,

we omit it. Semantically, the natural executablesubsituation of a causalmodel

corresponds to the actual courseof events under that model.

Finally, we can show the counterfactual semantics of an SCCW. Speci�cally,

we de�ne the counterfactual theory induced by an SCCW.
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De�nition 5.2.7. (Solution of an SCCW) Given SCCW M = (D; P), the so-

lution of M is the unique event of D mappingevery variable A of D to tr ue i�

A 2 N ES(M ).

De�nition 5.2.8. (Counterfactual Theory of an SCCW) Given SCCW M =

(D; P), we de�ne the counterfactual theory � M of M suchthat for any counter-

factual (X ; y) of D:

X � M
y , vy [X ]

where vy is the unique solution of M y .

Example For our Firing Squad example, we have an SCCM M = (D; P),

whereD is the sitcalc speci�cation in Fig. 5.1 and P = [signal(C); shoot(R1; P);

shoot(R2; P); die(P)]. Let us evaluate the counterfactual:

[: signal(C); shoot(R2; P)]die(P)

This is true i� die(P) 2 N ES(M : signal (C);shoot(R2;P ) ). Indeed it is, since:

N ES(M : signal (C);shoot(R2;P ) ) = [shoot(R2; P); die(P)]

Thus we concludethat if the captain doesnot signal,and yet the secondri
eman

still (somehow) shoots, the prisoner will still die when all is said and done.

5.3 Conclusion

Structural causalmodels are excellent tools for many types of causality-related

questions. Nevertheless,their limited ontological commitment render them less

than ideal for modelingmoredelicatecausalqueries.Thesequeriesbene�t from a

languagethat is suited for dealingwith complex,dynamically changingsituations.

Here, we have outlined a new type of causalmodel, basedon the languageof
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situation calculus. We have developed the notions of a causal world in this

language,and drawn parallelsbetweenour model and its structural analog.

122



Figure 5.2: DAG representing time dependenciesbetweenactions in the Firing

Squadscenario.
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CHAPTER 6

Final Remarks

The arguments go back and forth. Proposalsare met with counterexamples

accompaniedby counterproposals,which are in turn met with further counterex-

amplesand counterproposals.Causality is a di�cult problem. It hashistorically

been,and currently remains,a tough nut to crack. It is somewhatstrangethat a

conceptthat springsso naturally from our lips should prove to be so di�cult to

formally justify. But this is the way of things. In this dissertation, we make no

grandioseclaims of solving this centuries-old dilemma, but have madean e�ort

here to clarify someimportant aspectsof the problem.

In this spirit, we have taken a closeexamination of a popular proposal by

Halpern and Pearl. We have attempted to put it into its proper context and

also to examinethe computational burden of such a de�nition. We have clari-

�ed the fundamental assumptionson which this proposal is based,and suggest

embellishments on these assumptionsto help distinguish between problematic

examples. Finally, we have suggesteda method for expanding the ontology of

the Halpern-Pearl framework to easethe task of causalmodeling.

Obstaclesremain. Certainly our account will also eventually fall short in

several respects. The hope is that this e�ort will continue the discussionand lead

it in interesting directions. The problem is still very much open.
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