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Maximum entropy: Motivation

• Assume we discover new word zyxxy during POS 
tagging. Estimate pd P(c | zyxxy) over POS tags? 

• Assume first we know nothing about zyxxy. 
There are 45 POS tags.

(cf. Jurafsky & Martin)



Maximum entropy: Motivation

• Assume we discover new word zyxxy during POS 
tagging. Estimate pd P(c | zyxxy) over POS tags? 

• Assume first we know nothing about zyxxy. 
There are 45 POS tags.

NN JJ NNS VB IN PRP CC CD

1/45 1/45 1/45 1/45 1/45 1/45 1/45 1/45

(cf. Jurafsky & Martin)

P(c|w=zyxxy)



Maximum entropy: Motivation

• Now assume we have a bit of annotated data. All 
instances of zyxxy annotated with NN, NNS, JJ, or VB. 
‣ that is: P(c ∈ {NN, NNS, JJ, VB} | zyxxy) = 1 

• How should we change our prob estimate?
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• Now assume we have a bit of annotated data. All 
instances of zyxxy annotated with NN, NNS, JJ, or VB. 
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• How should we change our prob estimate?
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Maximum entropy: Motivation

• Now we find that 80% of zyxxy tokens were 
annotated as NN or NNS. 
‣ that is: P(c=NN v c=NNS | zyxxy) = 0.8 

• How should we revise our prob estimate?



Maximum entropy: Motivation

• Now we find that 80% of zyxxy tokens were 
annotated as NN or NNS. 
‣ that is: P(c=NN v c=NNS | zyxxy) = 0.8 

• How should we revise our prob estimate?

NN JJ NNS VB IN PRP CC CD

4/10 1/10 4/10 1/10 0 0 0 0

(NB: Old constraint P(NN v JJ v NNS v VB|zyxxy) = 1 still satisfied!)



What have we done?

• We have defined features (aka feature functions): 
‣ f1(c, w) = 1 iff w = zyxxy and c ∈ {NN, NNS, JJ, VB} 

‣ f2(c, w) = 1 iff w = zyxxy and c ∈ {NN, NNS} 

• Feature functions map a class c and an object w 
that we wish to classify to some real number. 
‣ often, binary features with values from {0, 1}



What have we done?

• Compute empirical expected values of features 
from corpus observations. 

• In the example, we observed: 
‣ E(f1) = P(zyxxy, NN v NNS v JJ v VB) =P(zyxxy) 

‣ E(f2) = P(zyxxy, NN v NNS) = 0.8 * P(zyxxy)

E(f) =
X

w,c

P (w, c) · f(w, c)



What have we done?

• Then estimate a prob dist     such that 
‣                                                              for all f  

‣ among all models with this property, our model makes 
as few extra assumptions as possible 

• Capture “minimal extra assumptions” as 
maximum entropy.

P̃

EP̃ (f) =
X

w,c

P̃ (w, c) · f(w, c) = EP (f)



Entropy

• Entropy of a prob dist is fundamental concept of 
information theory: unpredictability of random variable. 

• Definition: 

• “Unique” distribution has H(P) = 0 
(that is, P(a) = 1 for some a, P(a) = 0 otherwise) 

• Uniform distribution over N outcomes: 
H(P) = log N

H(P ) = �
X

z

P (z) · logP (z)



Entropy
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Maximum entropy models

• Can be shown that maximum entropy prob dist 
is always of the following shape: 
 
 
 
where θ is a vector of weights and 

• Thus also called log-linear model. 

• Training = learn values for parameters θ that 
optimizes fit with observations.

P (c|w) = e✓·f(c,w)

P
c0 e

✓·f(c0,w)

✓ · f(c, w) =
X

i

✓i · fi(c, w).



Training

• Training with iterative methods. 
‣ first algorithms: generalized/improved iterative scaling 

‣ nowadays, quasi-Newton methods such as L-BFGS 

• Basic idea: maximize log-likelihood of corpus,X

(w,c)2Tr

freq(c, w) · logP (c|w)

(gradient ascent)



Remarks

• MaxEnt models extremely versatile because they 
work with arbitrary feature functions. 
‣ feature functions don’t need to be statistically independent 

• MaxEnt models are discriminative models:  
they model P(c | w) without modeling P(c, w). 
‣ in contrast to e.g. HMMs and PCFGs, which are also 

called generative models 

• Standard tool throughout CL.



Enumerating parse trees

• Last week, we discussed how to enumerate all parse 
trees from a PCFG parse chart. 

• Also know how to compute 1-best parse tree 
using Viterbi. 

• In many applications, we need the k best parse trees 
for some k. How can we get this?



k-best parsing

• Naive approach: 
‣ for each edge A →  i B j C r in chart, enumerate k best trees 

for (B, i, j), k best trees for (C, j, r) 

‣ then pick k best combinations from these k2 pairs  

‣ this is too slow 

• Can we do it more efficiently? 
‣ really useful in practice, where we can choose k much 

smaller than number of parse trees 

‣ “efficiently”: O(k log k)



Streams

• Basic idea: lazy evaluation. 
‣ captures basic ideas of Huang & Chiang 2005 

• A stream S is a list S(1), S(2), S(3), … 
‣ element S(i) is only computed when we ask for it 

‣ thus, stream not necessarily stored in memory 

‣ and can potentially represent an infinite list 

• We will define stream of parse trees (sorted 
descending by probability). 
‣ thus k-best parsing = retrieving S(1), …, S(k)

Chiang



Streams for chart edges

• Parse chart contains edges A →  i B j C k  

• Compute stream Tr(A →  i B j C k ) from streams  
T(B, i, j) and T(C, j, k) as follows:

P(t1) = 0.4 P(t2) = 0.3 P(t3) = 0.2

P(T1) = 0.4

P(T2) = 0.1

P(A → B C) = 0.1

A
t1 T1

p =.016

T(B, i, j)

T(C, j, k)
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Streams for chart edges

• Parse chart contains edges A →  i B j C k  
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Streams for chart edges

• Parse chart contains edges A →  i B j C k  
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Streams for chart edges

• Parse chart contains edges A →  i B j C k  
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Streams for items

• Obtain stream T(A, i, k) for an item by merging 
streams for all ways of constructing it:  
 
T(A, i, k) =  merge  Tr(A → i B j C k)  

• Implement this by keeping track of next elements of 
all rule streams, and picking best of those.

A → i B j C k



Evaluation
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(b) Relative Improvement

Figure 9: Absolutive and Relative F-scores of oracle reranking for the top k (≤ 100) parses for section 23, compared
to (Charniak and Johnson, 2005), (Collins, 2000) and (Ratnaparkhi, 1997).

Huang & Chiang 05



MaxEnt parsing

• Maximum entropy models for discriminative 
parsing: Given correct parse trees t1, …, tK, 
find argmax P(ti | w). 

• In principle, can use arbitrary feature functions  
f(t, w). Distinguish: 
‣ local feature functions: can only look at  

a single chart edge 

‣ non-local feature functions: capture more 
global context, but can’t be used in 
chart parsing.

Rules. These include all context-free rules in the
tree, for example, VP Y PP VBD NP NP SBAR.

Bigrams. These are adjacent pairs of nonterminals
to the left and right of the head. As shown, the
example rule would contribute the bigrams
(Right,VP,NP,NP), (Right,VP,NP,SBAR),
(Right,VP,SBAR,STOP) to the right of the head
and (Left,VP,PP,STOP) to the left of the head.

Grandparent rules. Same as Rules, but also
including the nonterminal above the rule.

Grandparent bigrams. Same as Bigrams,
but also including the nonterminal above
the bigrams.

Lexical bigrams.
Same as Bigrams,
but with the lexical
heads of the two
nonterminals also
included.

Two-level rules. Same as Rules, but also
including the entire rule above the rule.

Two-level bigrams. Same as Bigrams, but
also including the entire rule above the rule.

Trigrams. All trigrams within the rule. The
example rule would contribute the trigrams
(VP, STOP, PP, VBD!), (VP, PP, VBD!, NP),
(VP, VBD!, NP, NP), (VP, NP, NP, SBAR),
and (VP,NP, SBAR, STOP) (! is used to mark
the head of the rule).

50

Computational Linguistics Volume 31, Number 1



Reranking

• How can we use non-local features in parsing? 
‣ Viterbi parsing infeasible because of non-local features 

‣ computing all parse trees to expensive 
(could do it with beam search, but this can lose accuracy) 

• Idea (k-best reranking): 
‣ do chart parsing with a standard PCFG parser 

‣ compute k-best parse trees according to PCFG chart 

‣ use MaxEnt model to select best tree from these k-best

(Collins & Koo 05; Charniak & Johnson 05)



Features

• C&J use over a million features, each of which 
occurs at least five times in training data. 
‣ probability of tree according to PCFG model 

‣ counts of PCFG rules in tree 

‣ bilexical dependencies 

‣ numeric measure of right-branching 

‣ many features capture semi-local configurations, such as:Rules. These include all context-free rules in the
tree, for example, VP Y PP VBD NP NP SBAR.

Bigrams. These are adjacent pairs of nonterminals
to the left and right of the head. As shown, the
example rule would contribute the bigrams
(Right,VP,NP,NP), (Right,VP,NP,SBAR),
(Right,VP,SBAR,STOP) to the right of the head
and (Left,VP,PP,STOP) to the left of the head.

Grandparent rules. Same as Rules, but also
including the nonterminal above the rule.

Grandparent bigrams. Same as Bigrams,
but also including the nonterminal above
the bigrams.

Lexical bigrams.
Same as Bigrams,
but with the lexical
heads of the two
nonterminals also
included.

Two-level rules. Same as Rules, but also
including the entire rule above the rule.

Two-level bigrams. Same as Bigrams, but
also including the entire rule above the rule.

Trigrams. All trigrams within the rule. The
example rule would contribute the trigrams
(VP, STOP, PP, VBD!), (VP, PP, VBD!, NP),
(VP, VBD!, NP, NP), (VP, NP, NP, SBAR),
and (VP,NP, SBAR, STOP) (! is used to mark
the head of the rule).

50

Computational Linguistics Volume 31, Number 1
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Head Modifiers. All head-modifier pairs, with
the grandparent nonterminal also included.
An adj flag is also included, which is one if
the modifier is adjacent to the head, zero
otherwise. As an example, say the nonterminal
dominating the example rule is S. The
example rule would contribute (Left, S, VP,
VBD, PP, adj = 1), (Right, S, VP, VBD, NP,
adj = 1), (Right, S, VP, VBD, NP, adj = 0),
and (Right, S, VP, VBD, SBAR, adj = 0).

PPs. Lexical trigrams involving the heads
of arguments of prepositional phrases.
The example shown at right would
contribute the trigram (NP, NP, PP, NP,
president, of, U.S.), in addition to the
relation (NP, NP, PP, NP, of, U.S.), which
ignores the headword of the constituent
being modified by the PP. The three
nonterminals (for example, NP, NP, PP)
identify the parent of the entire phrase,
the nonterminal of the head of the phrase,
and the nonterminal label for the PP.

Distance head modifiers. Features involving the distance between
headwords. For example, assume dist is the number of words between
the headwords of the VBD and SBAR in the (VP, VBD, SBAR) head-modifier
relation in the above rule. This relation would then generate features
(VP, VBD, SBAR, = dist), and (VP, VBD, SBAR, ! x) for all dist ! x ! 9 and
(VP, VBD, SBAR, " x) for all 1 ! x ! dist.

Further lexicalization. In order to generate more features, a second pass
was made in which all nonterminals were augmented with their lexical
heads when these headwords were closed-class words. All features
apart from head modifiers, PPs, and distance head modifiers were then
generated with these augmented nonterminals.

All of these features were initially generated, but only features seen on at least
one parse for at least five different sentences were included in the final model (this
count cutoff was implemented to keep the number of features down to a tractable
number).

5.3 Applying the Reranking Methods
The ExpLoss method was trained with several values for the smoothing parameter &:
{0.0001, 0.00025, 0.0005, 0.00075, 0.001, 0.0025, 0.005, 0.0075}. For each value of &, the
method was run for 100,000 rounds on the training data. The implementation was
such that the feature updates for all 100,000 rounds for each training run were
recorded in a file. This made it simple to test the model on development data for all
values of N between 0 and 100,000.

Collins and Koo Discriminative Reranking for NLP

Rules. These include all context-free rules in the
tree, for example, VP Y PP VBD NP NP SBAR.

Bigrams. These are adjacent pairs of nonterminals
to the left and right of the head. As shown, the
example rule would contribute the bigrams
(Right,VP,NP,NP), (Right,VP,NP,SBAR),
(Right,VP,SBAR,STOP) to the right of the head
and (Left,VP,PP,STOP) to the left of the head.

Grandparent rules. Same as Rules, but also
including the nonterminal above the rule.

Grandparent bigrams. Same as Bigrams,
but also including the nonterminal above
the bigrams.

Lexical bigrams.
Same as Bigrams,
but with the lexical
heads of the two
nonterminals also
included.

Two-level rules. Same as Rules, but also
including the entire rule above the rule.

Two-level bigrams. Same as Bigrams, but
also including the entire rule above the rule.

Trigrams. All trigrams within the rule. The
example rule would contribute the trigrams
(VP, STOP, PP, VBD!), (VP, PP, VBD!, NP),
(VP, VBD!, NP, NP), (VP, NP, NP, SBAR),
and (VP,NP, SBAR, STOP) (! is used to mark
the head of the rule).

50
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(pictures from Collins & Koo)



Results

• Charniak & Johnson 05:  
f-score 91.0 on WSJ23 sentences ≤ 100 words 

• Further improvements: 
‣ Huang 07, Forest Reranking: f-score 91.7 

‣ McClosky, Charniak, Johnson 06, reranking + self-training: 
f-score 92.1 

‣ Shindo et al. 12, state splitting + TSG + Bayesian inference:  
f-score 92.4



Summary

• PCFG parsing one of the most successful fields of 
NLP research. 

• Current parsers are fast and quite accurate. 
‣ in practice, most people use Berkeley or Stanford parser  

for good speed-accuracy-convenience tradeoff 

• Techniques from PCFG parsing carry over to many 
other problems in computational linguistics.


